1 Assignments: May 19th, 2026

Exercise 1.1.
Prove: Let G be a bipartite graph with a partition (A, B) such that |A| = |B| = n and

e(X,Y)
d(X,Y) = .
)= Xy
The density of the whole pair is
_e(G) 11
d(A,B) = 3 =5 3

First, we suppose that GG contains a copy of Kz ». Let its two vertex classes be X C A and
Y C B, where |X| = |Y| = %. Then d(X,Y) = 1, and hence

1 1 1 1 1
XY)-dAB)=1-|-—-=5)=z+—5>z.
(X, Y) - d(4, B)| <2 n2> 2 n? - 2

Thus (A, B) is not -regular.
Conversely, suppose that (A, B) is not i-regular. Then there exist X C A and Y C B with

| X| > Y| >

n n
2’ 2

such that

uunq—ﬂABﬂzé

Since d(A, B) < 3 and d(X,Y) > 0, the deviation cannot occur below d(A, B). Therefore

d(X,Y) —d(A,B) >

N | —

and so )
dAX,Y)>1- pot

We claim that (X,Y’) must be complete. If one edge between X and Y were missing, then

1 1

dX,)Y)<1- <l-—
R P

so equality would have to hold throughout. This would force | X||Y| = n? hence X = Aand Y = B.
But then d(X,Y) = d(A, B), which does not give a deviation of ;. Therefore (X,Y) is complete.

Since |X|,[Y| > §, we may choose § vertices from each side and obtain a copy of K ». O

Exercise 1.2.
(Chernoff Bound). Let Xi,..., X, be independent indicator variables such that Pr[X; =
1] =pforeach i € [n]. Let X = > | X;. We know that

202

Pr|X —E(X)| > a] <2e .




Let G(A, B, p) denote a random bipartite graph on two disjoint vertex sets A, B with |A| =
|B| = n such that for each a € A and b € B, ab is chosen to be an edge with probability p
independently.

Prove: For any € > 0, G(A, B,p) is eregular with probability tending to 1 as n tends to
infinity.

B

~d

Proof. Consider 0 < € < 1, Set
€

77:§~

For fixed subsets X C A and Y C B, the random variable e(X,Y") is a sum of | X||Y| independent
indicator variables, and
Ele(X,Y)] = p[X|[Y].

Applying the given Chernoff bound with oo = | X||Y|, we get
Pr[|d(X,Y) —p| > ] < 2¢7 27XV,
Now restrict to pairs (X,Y) satisfying
| X| > en, Y| > en.
For each such pair, | X||Y| > €2n?, and therefore
2.2 2

Pr[|d(X,Y) —p| >n] <2e727".

There are at most 2" choices for X and at most 2" choices for Y. Hence, by the union bound, the

probability that some such pair satisfies |d(X,Y) — p| > n is at most
2. qrem 2N = o(1).
Thus, with probability tending to 1, every pair (X,Y") with | X|, |Y| > en satisfies
[d(X,Y) —p| <.
This also holds for the whole pair (A, B). Hence for every such X,Y,

|d(X,Y) —d(A, B)| < |d(X,Y) —p|+|d(A,B) —p| <2n <e

Therefore G(A, B, p) is e-regular with probability tending to 1. O
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