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1 Section 1 Notes

1.1 Introduction

Background Statement (Original). A basic theme in the field of extremal combinatorics is

the study of the largest size of a structure given some combinatorial information concerning it.
oy

£2 remark. £BHIR (Bl “EETAEELEFZ"), $%kﬂ%ﬁkﬂﬁoh$%ﬁﬁ”A@
EAT R, M R R AR R R RARIE R . B SR R IZARE e A AR — R — ¢
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Definition 1.1 (Definition 1.1 (Original)). A family of graphs F is triangle-intersecting if

for every G, H € F, GN H contains a triangle. e
& remark. iX B a4 “intersecting” RAEVLAANE R ANEAFHIET , AR RNEIRG B LA T KN
BIM—AZAF. EINFHL CLEET” ®BIKE, ARAETTOCEALSWUREL )N, LERHH
HFHTAg AR LE M

Question 1 (Simonovits—Sés, Original). What is the maximum size of a triangle-intersecting
family of subgraphs of the complete graph on n vertices?
oy

L2 remark. X E A IAZCE T £ K, 92RTETH (AT 2 (g)) 2o RbHmEEL 1.1
RK Tk, FzlEfFratik s ER,

Theorem 1.1 (Theorem 1.2 (Original)). Let F be a triangle-intersecting family of graphs

on n vertices. Then .
7l < =206,
7l < 5

Equality holds if and only if F consists of all graphs containing a fixed triangle.
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LA remark. INLLOE5HEE L. F—EAMELER 1/8; $—F HivfE—be: M4FAE ER
R BRI ZAH, %gx%ﬁ SEHE".

Main Strengthenings (Original). Our main result in this paper is actually a strengthening of
the above in several aspects:

e odd-cycle-intersecting replaces triangle-intersecting;

o size is measured under product measure p, (p < 1/2), not only uniform measure;

o for p=1/2, one may pass from intersecting to agreeing.

o

£2A remark. % —F 32 BN AT R IR B Aot SR B S AR N A B =
W IME T E SRR R £ &M, F—F AP & —4 1k,



1.2 Notation And Main Theorems

Definition 1.2 (Definition 1.3 (Original)). A family F of subgraphs of K, is triangle-
intersecting (respectively odd-cycle-intersecting) if for every G,H € F, G N H contains a
triangle (respectively an odd cycle). We will say that F is triangle-agreeing (respectively
odd-cycle-agreeing) if for every G,H € F, G @ H contains a triangle (respectively an odd

cycle). &

& remartk. RERAENARNZHLYAETRE: GNH ZERKRGL, GO H ZHEATR—K
a9, A E MR “ERIMAH R, BHEME “EFEHTHL. miﬁr‘&l/l\#%fﬁﬁﬂ%@‘ﬁm‘%, b3
B oAiEr kRt (GTikE) TRA R,

Immediate Consequence (Original). Note that G N H is contained in G & H, so a triangle-

intersecting family is also triangle-agreeing.

rl:x remark. B3t intersecting 1254 agreeing &1, BLEART & “B”, BH P “B7, AR F
REF TNEH T sharp LR, i@ F AL E IR IR SRR

Hixd ORPRZBEAL) + GNH 5 G o H M AGRAER—HEZ TLARER ?

™ remark. XELETEBRICE TR FR Ly Lo4FT N REE, @ Ekﬁi’#\:\ ; IR % AT AR
HEZEIANERLZ L., T agreeing A 5 HIEANRKE SV, FiB B K A shift 45 RED
intersecting Wa A .

Basic Notation (Original). Let n be fixed. The power set of X is denoted by P(X); [n] =
{1,...,n}; and
[0l ® = (S C [n] 5 1S = k}.
It is convenient to identify the set of all subgraphs of K, with the Abelian group
](2)

/%

whose group operation is symmetric difference (denoted by @ or A).
vy

L3 remark. X —B L BT AN AT A 2 CBY KBk “AIETEE, Je BT B R
“HE 2 Jeik”,
Further Notation (Original). Further notation in the original text:

e G denotes the complement graph of G;

¢ |G| is the number of edges of G;

o (@) is the number of non-isolated vertices of G;

e G = H denotes graph isomorphism;

e if G is the disjoint union of G, G4, write G = G; U G;

o () denotes the empty graph on n vertices;



e a k-forest is any forest with k edges;
o K, denotes the graph on four vertices with five edges;

e a biconnected component of G means a maximal biconnected subgraph of G.

Measure and Inner Product (Original). For any p € [0,1] and graph G on n vertices,

(@) = pl(1 — p)B) 191,

For a family F,

F)=> m(G

GeF

For functions f, g : Zgg) — R,

(f.9) Zu )[(G)g(G).

Additional Conventions (Original). Additional original conventions:
o identify P(X) with {0,1}* = Z;
e an up-set F means: S€ F, T DS =T¢cF;
e 1p denotes the indicator of predicate P;

o for Abelian group A and Y C A, Cay(A,Y) is the Cayley graph with edges {{a,a +y}:a €
AyeY}

N

LA remark. X3 ZEF FERESLZAE] LEE Cayley A H5HIEESH AAEME X

Terminology (Original). A triangle junta is a family of all subgraphs of K, with a prescribed
intersection with a given triangle. In the special case of the triangle junta being the family of all

graphs containing a given triangle, we will call this family a Aumvirate.
oy

€4 remark. “junta” R R FAEEAR D g AT T (RARYE B £ A B R 0y = A MAnay 2 R AR OL
RREBINARERTEANABKR), EX L, TEAGHEEREZ AT =515 @ Aumvirate (&
SRANBERZATHE) RRXEFF: ZFAHLMERL. CRREFAMMEAE LI,

Theorem 1.2 (Theorem 1.4 (Original)). [Extremal families] Let p < 1/2, and let F be
an odd-cycle-intersecting family of subgraphs of K,. Then u,(F) < p®, with equality if and
only if F is a Aumuvirate. Furthermore, in the case p=1/2, if F is odd-cycle-agreeing then
wu(F) < 1/8, with equality if and only if F is a triangle junta.

[Stability] For each p < 1/2 there exists a constant ¢, (bounded for p € [6,1/2], for any fized
§ > 0) such that for any € > 0, if F is an odd-cycle-intersecting family with p,(F) > p* —e

then there exists a Aumuvirate T such that
pp(TAF) < cpe.

For p =1/2, the corresponding statement holds for odd-cycle-agreeing families.
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L2 remark. X —45 AL EEIE: LR FSHEH., A —kNs, AEMENER, BACH
A COUFRRT 9 KR TR RAFRAFIE, s ENEE L BB A Aumvirate,

Corollary 1.3 (Corollary 1.5 (Original)). Let o < 1/2 and let M = «(%). Let F be an

odd-cycle-intersecting family of graphs on n vertices with M edges each. Then

(3) =3

<

7= (9 5):

Equality holds if and only if F is the set of all graphs with M edges containing a fized triangle.

Moreover, if | F| > (1 — 5)(8\;;) __;:)),

then there exists a triangle T such that all but at most ce|F| of graphs in F contain T, where

¢ =cla).

X

K2 remark. X PLAAZ S TAE SR TR DR E s, & “BFH M &7 thp B 2 )5, &
A, MBRERAUZHI CAHERE, R EWRIERFRE.

Ml ORbpZEAl) = RoeEtEasiR B Erslilfh 2 ?

B remark. © R R 2454 “SfaiE s&J:’i’%” T d ) CeE AR A S AR LT R
il TUFREABE=ZARKT, X R E FRBIT S 8RR

Proof Idea for Corollary 1.5 (Original). The idea of the proof is to study the family of all
graphs containing a graph from F, and to apply Theorem 1.4 to it, together with some Chernoff-type

concentration of measure results.

& remar. TERR R AT VAT AR A = e LA et
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Definition 1.3 (Definition 1.6 (Original)). We say that a family F of hypergraphs on [n] is
odd-linear-dependency-intersecting if for any G, H € F there exist | € N and nonempty sets
Ay, ..., Asyvr € GN H such that

A1A cee AAQH_l - (Z) ﬁ

Y

LA remark. T —2 X FeBLE T HERREES 2R EPHE ¢ TLEFRAR" 891
kA, BT AP BPHEN . —AK89 Lo f?'ifﬁ?ﬁ%@?ﬁ

Definition 1.4 (Definition 1.7 (Original)). A family F of subsets of Z% is odd-linear-
dependency-intersecting if for any two subsets S, T € F, there exist | € N and non-zero

vectors vy, . ..,v11 € SNT such that

v+ -+ v =0. &




& remark. #1% #&i\ﬁ “IFARE” AAET R, AR 2 Amik”, Bk B4 Fourier f & 5% ik TR
e B REEB LM L, IRMEESRARTES S TR LE—F

Odd-LD-Agreeing And Schur Terminology (Original). Naturally, an odd-linear-dependency-
agreeing family is defined by replacing GNH with GAH, and replacing SNT with SAT. Note that
a Schur triple is a linearly dependent set of size 3, so Schur-triple-intersecting implies odd-linear-
dependency-intersecting. A family F of subsets of Z% is a Schur-umvirate if there exists a non-zero
Schur triple {z,y,z + y} such that F consists of all subsets containing {x,y,x + y}. A family F
is a Schur junta if there exists a Schur triple {z,y,z + y} such that F consists of all subsets with
prescribed intersection with {x,y,x + y}.

':.:L remark. iX JLa)3e “Schur-umvirate / Schur-junta” Fea] @849 triangle JRRK T A F1 — A& “ib
RAET, =A% “REMXEZ". B XA ES v M 45 b4 5eik A A LA

Theorem 1.4 (Theorem 1.8 (Original)). Letp < 1/2, and let F be an odd-linear-dependency-
intersecting family of subsets of Z%. Then
,up(]:) < PS-

Equality holds if and only if F is a Schur-umvirate. Moreover, for each p < 1/2 there exists
a constant ¢, (bounded for p € [0,1/2], for any fired 6 > 0) such that for any € > 0, if
pp(F) > p* — e then there exists a Schur-umvirate T such that

tp(TAF) < cpe.

For p=1/2, the corresponding statements hold for odd-linear-dependency-agreeing families.,

3 remark. X398 £IL G TARM BT A, AR “FEMIRB E— 2, AL, triangle
— /ARSI, odd dependency 7 & & ZEHUH]

Post-Theorem Remarks (Original). This is indeed a generalization: any triangle-intersecting
family of graphs can be lifted to a Schur-triple-intersecting family in the natural way. Also, {0,1}"
can be viewed as a vector matroid over Z,, and any odd linear dependency contains a minimal odd
dependency (an odd circuit), so Theorem 1.8 can also be interpreted as an odd-circuit-intersecting
theorem in a Z,-matroid. The proof of Theorem 1.8 is deferred to Section 5.

S remark. i g ooy k LARAHE: feA5RIA CHRIER A EEY, AEAEMENRE Lo 4
AR Y matroid 31§54,

Original Follow-up Remarks. Original follow-up remarks:

e this is a genuine generalization: triangle-intersecting graph families can be lifted to Schur-

triple-intersecting hypergraph families;

o in {0,1}" (viewed as a vector matroid over Z,), odd linear dependencies contain minimal odd

dependencies (odd circuits);



e hence Theorem 1.8 may also be viewed as an odd-circuit-intersecting theorem in a Z,-matroid

setting.

™ remark. Ve X g By & “3h 2 BRI ME L =AH, -4 3] vector matroid (d
FEMEF G E A AR K K A TR IE) BT e R, EIRBAET

Methodological Observation (Original). The ground set is a vector space over Zs; a triangle
is not only a “triangle”, but an odd linear dependency over Zo. This makes discrete Fourier analysis
a natural choice.

B remark. 15— R ko, RENEAK LD “HB/FR" 2k, Fourier A4 & v thit
KT ALAE, BAhHCie Ym” i Lo TRhES.

1.3 Historical Background

Prior Bound In [4] (Original). In [4/, if F is triangle-intersecting, then p(F) < 1/4; this
improves the trivial bound 1/2.

™ remart. ¥ E&IEE] 1/4, ALt —F R3] sharp 89 1/8 (354 ME ). KT F ikt RF R
by ARt o

Original Remarks Related To [4]. Original remarks related to [4]:

e because the argument there uses bipartiteness, it already extends from triangle-intersecting

to odd-cycle-intersecting;
o for p =1/2, odd-cycle-agreeing can be shifted to odd-cycle-intersecting with the same measure;
o the basic observation can be written as G € F, B bipartite = G @& B ¢ F;

o for p < 1/2, [4] yields a p*-type bound, while this paper improves to p* and conjectures validity
up to p < 3/4.

L

L2 remark. X —20 7 YOECHBET ALAFT L RAMNEITE, mAERA S R FI3eF] P 0%
R ST

Connection To [8] (Original). The paper [8] on t-intersecting families under product measure

is a key thematic predecessor. For S C [n],

pp(S) =PI —p) Iy (F) =D (9).

SeF

1
t+1°

BN remark. te% X 2EF R A ST MR RE BT REAT, RLE (8] B AMEHE
S LIE RS s R

For p < the unique largest-measure t-intersecting families are ¢t-umvirates.



Classical t-Intersecting Context (Original). For fixed ¢t > 2, a family of subsets of [n] is t-
intersecting if all pairwise intersections have size at least t. The Erd6s—Ko—Rado theorem gives the
extremal model in large-n regimes, while the Ahlswede-Khachatrian complete intersection theorem
characterizes the largest t-intersecting families for all n,k,¢. Under product measure, for p <
1/(t+1), [8] shows that the unique largest-measure ¢-intersecting families are t-umvirates, together
With stability.

\
&1 remark. X SE AR T5: AL R AINZIIT, Wmadem Ly t-intersecting 151E 42
BETHZTNSFIRY R,

Core Observation (Original). Given triangle-intersecting F and bipartite B, for any Fy, Fy €
.7: the set F1 N Fy must intersect B non-trivz'ally.

l

B remark. ix 2% % BrATFR R L R RESFIHR, FTAEA “HRER” £HE%Y
Ko

Shift Equivalence (Original). A triangle-agreeing family can be transformed, via monotone

shifts, into a triangle—intersecting family of the same size.
oy

L2 remark. X 25N RIRA R RRFTET agreeing AT H, 77T & shift Uk 5 2] intersecting
798

1.4 Method Framework

Operator Motivation (Original). If F is triangle-intersecting (or odd-cycle-agreeing) and B
s bipartite, then
GeF = GoB¢F.

So flipping edges of B mowves graphs out of the family.

& remark. L%‘Fiﬁf’ﬂé\%—“ﬁ‘ R TEHAN RS, EmITUAES AEFREEX, XA “F
B 3 “FH&L ey R,

Operator Lift (Original). Let us lift this operation to an operator Ap on functions over sub-
graphs of K,, (equivalently Zgg) ):

Apf(G) = f(G+ B).
If B is random from distribution B, define

Apf(G) =E[f(G + B)].

Y

LA remark. iX 2de “EAR" MELTILE, TAARTAFIEA L H IR, 1R S HALP) AL AEZ A
W6 AR IE 2 R R AR T )AL
Key Identity (Original). If f =17, then f(G) =1= Agf(G) =0, hence

(f,Asf) = 0.

Linear combinations of such operators preserve this identity.



Y

L2 remark. X RZA LR EEHRBARZ —. B R2de [ B E| Fourier 3, #45F T41e1h,
haede “RAR MiFRETRERE> AN REXR, MNRIEFERSE .

Linear Combination Step (Original). For coefficients c¢g (not necessarily positive), define

A= ZCBAB-
B

Then the key identity is preserved:
(f,Af)=0. (1)

The next step is to identify eigenvalues/eigenfunctions of A and feed (1) into the Fourier side of f.

Y

L2 remark. XA ALY GEFHT AL REHE RN AR EX, FABIEEERE K
BEAIEH)

i (RIEIE) < BT (AT =) BT
nll‘i\ remark. B AT R “TABNE YR, —BEHFBIEE . AT R— BT E £
Z, Im B3R~ sharp J;);‘,i;fm}ﬁ M2 E R

Next Technical Step (Original). The next step is to identify eigenvalues/eigenfunctions of A,

then use the identity above to control the Fourier transform of f, and finally deduce structure of F.

& remark, HAGERAEA ST VAT Wi AT = g = IR% Fourier $3F = i MiAHE 5t
WAL & o

Method Difficulty Remark (Original). FEven after finding the spectral route, the hard part
is choosing the distributions B and coefficients cg so that the resulting eigenvalues are exactly the

right ones.
'

™ remark. X & FH—3R 5T RK T AL RS0 2R ERG T, ma ety —
S RE, iER AR AT A B ARE SR G L] R

1.5 Structure Of The Paper

Roadmap (Original). The paper treats p =1/2 and p < 1/2 separately; then extends to Schur-
triple-intersecting families, and ends with open problems.

B3 remark. Wi TR T AR Z B MARE (RAW) - RESD HAEM) - HE
ey (BMAR).

Section 1 Supplement. Section 1 sets the target values 1/8 (uniform measure) and p* (skew
measure), and the rest of the paper constructs explicit spectra that force these bounds together with
uniqueness and stability.

oy N s N N Jese «“ — Kfe 5my ,\4— « V23 3
L3 remark. #MF—8) 4K H %R CRREAET, BHETHMAE YefTHiE T 5iE, &
B A LR,



2 Section 2 Notes

2.1 Fourier Analysis

Fourier Basics On Z; (Original). We briefly recall the essentials of Fourier analysis on the

Abelian group Z3 , where X is finite. For any two functions f,g: Z¥ — R, define

(F.9) = E(fg) = 57 3 F(S)alS

SCX

For each R C X, define
Xr(S) = (=1)I75L,
Then xr(S®T) = xr(S)xr(T), and {xr : R C X} is a complete orthonormal basis (the Fourier—

Walsh basis). Hence every f has expansion

F=3 FRy, (2)

RCX

with f(R) = (f, xr), and Parscval:

9)=>_ f(R)G(R).

RCX

If f is Boolean, then

For a family F and its indicator, this is

WF)=FO0) = > F(R)?

RCX
A useful formula is the convolution identity
Frg=1-3  [xg(8)= ) f(T)g(S+T).
TCX
™ remark. i — NSRBI E T AR A L e KR P A R, Fourier Z 30y kR P,

fefe OCC K& %ﬁ&%%/\

Ak (WIEAL) : hfk2 Boolean 5B F u(F) = S, F(R)? iX A6 % ?
B remark. B A eie “Rak TR CREBID. BELILHE N E TN ERITEA
(3 tight B RARK) £, gtk ER Aot —

Key Mechanism (Original): energy, not counting. In the Fourier view, measure is identified

with spectral energy, and operator constraints become algebraic identities on Fourier coefficients.
i

K2 remark. iX —&) & Section 2 Wy k2B H: KN ABABERTELE, Mmadsd “feestofTod
TSR



2.2 Cayley Operators And Their Spectra

Spectral Route (Original). Largest intersecting-family questions can be converted into independent-
set. questions in suitable Cayley graphs, then controlled via Hoffman-type eigenvalue bounds and
weighted perturbations.

™ ) b — N S 2 S 3 j=4 N N N

LA remark. XEA R BB (RLE), Bt (FEE), weilidiiyisde ERE

#| sharp 15. Hoffman 7 k% + ML)

Definition 2.1 (Definition 2.1 (Odd-Cycle-Cayley Operator, Original)). A linear operator
A on real-valued functions on Z[Qn}@) is called Odd-Cycle-Cayley (OCC) if:

1. for any odd-cycle-agreeing family F with indicator f,

f(G)=1= Af(G) =0;

2. the Fourier—Walsh basis is a complete eigenbasis of A. e

& remart. T 2.1 FeLA Yy R AT AT AL B REFH R A Z. ZA % 1 s Rik% A odd-cycle
S, BA S 2 SR AEBIRE T

Spectrum Notation (Original). For each G C K,, let Ag be the eigenvalue of xg. Write
A = (Ag)ack, for the OCC spectrum, Api, for its minimum, and
Apin = {G : A\ = Ain }-
The spectral gap is the maximal v such that
AH 2 Amin 7, H ¢ Apin-
OCC operators (hence OCC spectra) form a linear space.

-

B remark. M ERABELES “Aik—5 1k, Bio—55EE WIRARE.

Operator Construction (Original). Let B be a bipartite graph, and define
Apf(G) = f(G+ B).
If B is a distribution over bipartite graphs, define
Apf(G) =E[f(G @ B)].

Y

A remark. iX % Section 1 B “Eih” FHEey H-TILIE A,

Markov Walk View (Original). The same operator can be viewed as a random walk on graph
space with stationary uniform measure; if F is odd-cycle-intersecting, two consecutive states cannot
both lie in F.

B N . s N
LA remark. IANMALE®R p< 12 0 REER, AARIMNETFLU%SLE “MALTE + %
X Gk R L

10



Claim 2.1 (Claim 1 (Original)). Ap is an OCC operator, and its spectrum is

Ar = (=)™ E[xs(R)].

Proof. If F is odd-cycle-agreeing and f = 1r, then key annihilation step
f(G)=1= Asf(G) =0.

Also, for Fourier characters: key eigenfunction step

Apxr(G) = E[xr(G ® B)] = xr(G) E[xr(B)],
S0 X g is an eigenfunction with eigenvalue

Ar = E[xr(B)].

This can be rewritten in the claim form: key spectral formula

Ar = (-1)FE[xp(R)] = (-1)"E[xs(R N B)]. (3)

O

oy . , ) b o 0o .. - R,
K2 remark. X545 RAMANET & “GEfERE AR cut Geitag AR, Amde RAP) A4

BT A A2

Equivalent Views Of A (Original).
o It is a convolution operator, so Fourier—Walsh characters are eigenfunctions.
o It is an average of tensor-product coordinate operators.
o It is a Cayley-graph adjacency operator (on an Abelian group).

o It is a Markov operator for a random walk on graph space.

¥

B remark. Bl — AL F e ma AL A SRR B AT, SRS, Bk, E, BEXETREFERAR
T LA .

Theorem 2.2 (Theorem 2.2 (Original)). Let A = (A¢)ack, be an OCC spectrum with

A®:17 —1<Amin<07 Fy>0
Set A
min y, = = v
=10 <equwalently Amin = 11— V) :

For any odd-cycle-agreeing family F:
o Upper bound: u(F) <w.

o Uniqueness: if u(F) = v, then .7/-:(G) # 0 only for G € Ay, U{0}.

11



o Stability: letting

w= Y FG)?
GEAminU{0}
we have
v
w< —— (v —ul(F)).
s (v~ 1)

Proof. Let A be an OCC operator with spectrum A. Then
F) =Y AeF(G)xe,
€]

and thus key quadratic identity

0= (F,AF) = ZAGJ‘E

Since F(0) = 3., F(G)? = u(F) and
w= > FG?
GEAminU{0}

we get key mass decomposition

> F(G) = u(F) — u(F) —w.

GEAmin

Therefore, core spectral inequality

0= AF(G)?

> Mpt(F)? + Amin (.U(]:) — pu(F)? - w) + (Amin +7)w

—u(f)?—i( (F) = ulF)? = w) + wy

Hence key bound transfer
W(F)? = p(Fy +wy(l —v) <0.
Since v > 0, this implies u(F) < v, with equality iff w = 0. Also,
u(F) (u(F) = v) +wy(1 —v) <0,
so key stability estimate

we D) <

S (v~ u(F)).

(1—v)y

"

FEAods® MiZ 2,

12
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Key Quadratic Constraint (Original). The whole theorem is driven by the identity
(F,AF) =0,

which turns combinatorial restrictions into a spectral quadratic inequality.
Y

L2 remark. X FF XA “UELFHEREA R 9, BEAFTR sharp FH AR C R

Corollary 2.3 (Corollary 2.3 (Original)). Suppose there exists an OCC' spectrum with
)‘@:17 Amin = —5 'Y>0,

and all graphs in AL, have at most three edges. Then for any odd-cycle-agreeing family
F C 2B(Kn) .

o W(F) <5

o ifu(F)= é, then F is a triangle junta;

o if u(F) > & —¢, then there exists a triangle junta T such that
P(FAT) < ce

for an absolute constant ¢ > 0.

Proof. Upper bound key step: The upper bound follows directly from Theorem 2.2.

Uniqueness. First assume F is odd-cycle-intersecting; the reduction from agreeing to inter-
secting is Lemma 2.7 below. key low-degree reduction: since the Fourier transform is supported
on graphs with at most three edges, Nisan—Szegedy implies F depends on at most 3-2% = 24 coordi-
nates. We may additionally assume F is an up-set (replace by up-filter if needed), and u(F) = 1/8.
Then Lemma 2.4 applies: F is a 3-umvirate; in this setting, triangle-intersecting forces it to be
a Aumvirate. Finally, Lemma 2.7 gives the odd-cycle-agreeing-to-junta reduction.

Stability. Use Theorem 2.5 (Kindler—Safra). Assume p(F) > 1/8 —e. By Theorem 2.2, key
Fourier-tail estimate )

- F(G)? < —
w G¢A§U{@} F(G)” < 776.

Applying Kindler—Safra with ¢t = 3, provided ¢ < 7veo, F is quantitatively close to some family

depending on boundedly many coordinates:

C—Oe close
el

to some family depending on at most 7y coordinates. There are only finitely many such families
that are not triangle juntas; by uniqueness, all of them have measure < 1/8. Choose €; > 0 so that
each has measure < 1/8 — (1 + ;—E{) €1. If e < &1, F cannot be that close to any of them while still
having measure at least 1/8 — e. Hence the approximating family must be a triangle junta.
If € > min(7veg, e1) =: &9, take ¢ = 1/e,. O

b > N ’ B Wi £ ER=A L M. 5 E 3 K
K2 remark. IZAEPRRGLEM S SRR M — B IRAAFIEE — HRATRIRG): CREAES LA

Rk, mAAEH RPEBORGER T,
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Key Reduction In Uniqueness (Original). The uniqueness proof combines three ingredients

in order: low-degree Fourier support = bounded-coordinate dependence = umvirate/junta rigidity.
vy .

LA remark. X ZAFBRE—TT 0 RARN LIFRGS, LIAFAE LA G M T 7240 ARE" R R,
« ;i’:‘ )% %ﬁ” .

Lemma 2.4 (Lemma 2.4 ([8). , Original)] Let N € N, let p < 1/2, and let f : {0,1}" —
{0,1} be monotone with

E,f =p", F(S) =0 for all |S| > t.

Then f is a t-umvirate (depends only on t coordinates). A

Y

K2 remark. X 4% RIS E P + FIAM = %4 umvirate EH)7 89 R4 Z A,

Theorem 2.5 (Theorem 2.5 (Kindler—Safra, Original)). For every t € N, there exist £g > 0,
co > 0, Ty € N such that: if f:{0,1} — {0,1} satisfies

Z fA(S)2 =& < g,

|S|>t

then there exists Boolean g : {0,1}" — {0,1} depending on at most Ty coordinates with

p({R: f(R) # g(R)}) < coe.

5ol
)

B remark. X2 BB —5 2 RESMREBRA, 8 HHAE LA G —ERIE, T
Mioe 4T 10,

Mext O Ribil) = Sfh24 Corollary 2.3 MR RS IA “ATRURIEHER” ?
':.:L remark. B A Kindler-Safra %.%89% “308 3k ANM&2E Boolean #%27, 123X A3k K L3k % triangle
junta, B1FE|FLLEH, LFRAE— M RICAE junta 897 TRAZ & A SRR,

2.3 The Intersecting/Agreeing Equivalence

Abstract Setup (Original). Let X be finite and Z C P(X). A family A C P(X) is 2-
intersecting if for all A, B € A there exists Z € Z with Z C AN B. It is Z-agreeing if for all
A, B € A there exists Z € Z with

ZN(AAB) = 0.
Define
m(Z) = max{|A|: A C P(X), A is Z-intersecting},
m(Z) = max{|A| : A C P(X), Ais Z-agreeing}.
oy

L2 remark. X —¥ 1B P8y agreeing/intersecting A Ah B A R AL, H1R HIEAR RS

(monotonization) 7 ik%.
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Monotonization Principle (Original). Compression operators C; preserve family size and the
agreeing property, while driving the family toward an up-set; once up-closed, agreeing upgrades to

intersecting.
Y

LA remark. X% Lemma 2.6 09 738 AERG RBAAL, 2PRALHTIEN, RAI agreeing 9]

AL RR, intersecting 17 A4 ,

Lemma 2.6 (Lemma 2.6 (Original)). For finite X and Z C P(X),
m(Z) =m(2). A
Proof. first inequality Clearly, every Z-intersecting family is Z-agreeing, so
m(Z) < m(2).

It remains to show that any Z-agreeing family can be transformed into a Z-intersecting family of
the same size.
For i € X, define the i-monotonization C;: for family A C P(X), replace each A by AU {i}

whenever
i¢g A AecA AU{i} ¢ A
Then |C;(A)| = |A], and if A is Z-agreeing then so is C;(A).
Starting from JFy = F, repeatedly apply such C; whenever possible: if there exist F' € Fj and
i€ X with FU{i} ¢ F, set
Frp1 = Ci(Fi).

At each step, the sum of set sizes in the family increases by at least 1, so the process terminates at
some F;. Let ' = Fy. Then F' is Z-agreeing, |F'| = |F|, and F’ is an up-set.
Now for F,G € F', we have FUG € F'. Since F' is Z-agreeing, there exists Z € Z such that

(FUG)AG)NZ =10.
But (FUG)AG = F\ G, so this implies Z C FF'NG. Hence F' is Z-intersecting, therefore
m(Z) <m(2).
Som(Z) =m(Z). O

oy

L2 remark. Lemma 2.6 894% 5% “JE4 B L + agreeing M B hIHBRR, intersecting 7.

Lemma 2.7 (Lemma 2.7 (Original)). Let F be odd-cycle-agreeing. Assume a sequence of
monotonizations C, (e € [n]®) produces a family F, that is a Aumvirate. Then F is a

triangle junta. A

Proof. Suppose Fy, is odd-cycle-agreeing and Fy 1 = Co(Fx) # Fi is a T-junta for some triangle
T C K,,. Then there exists G ¢ Fj1 with GU {e} € Fjy1; since Fyyq is a T-junta, necessarily
eeT. Let S C T satisfy

Fen={Gezl" .anr =S5}

15



Clearly e € S.

Define

CZ{GGfkteﬁéG}, D:{GEFkZEEG},
so Fp, =CUD. If G € C, then GU {e} ¢ D (else both are in Fj,1, contradicting fixed GNT = S
in the junta). Hence
Fri1=DU{GU{e}: G e C}.

Therefore every G € D has GNT =5, and every G € C has GNT =S5 —e.

Since Fr11 # Fr, we have C # (). key claim: we claim D = ). Assume not; let |[D| = N > 1,
then

| =263 _ N> 1.
Because T' @ e intersects every triangle, if G € F; then
Ga(Toe) ¢ Fi.
Since |C| + |D| = 2(3)_3, for every H C T exactly one of
HaeSeD, HeSeTdeel

holds. So
V={HCT:HeSeD}, W={HCT:-HeS®T®ecC(C}

partition labelled subgraphs of T, with both nonempty. Hence two adjacent subgraphs lie in different
classes: there exist H C T and f € E(T) such that

Ho SeD, HofeoSeoToecC.

These two graphs agree only on T'® e & f, a 3-edge graph containing exactly two edges of T, thus
not a triangle, contradicting odd-cycle-agreeing of Fj.
Therefore D = (), i.e.
Fr.={Ge€gG,:GNT =8 —e},

so Fy is also a T-junta. backward induction closes the proof: Fy = F is a T-junta. O

Y

2 remark. Lemma 2.7 R E % Foe— R E%AT o9 2 57% A, C,D, B “4a4-FH” B4t
agreeing =, M junta 45 H AT Z P =15 .

Mt O RBEAL) = 2 B5IA VW XBiAK 7
EX remark. ©3e CEBATE B BER—AZHEEM, REMHEAEST, LK —LA
Y5, ¥R EEAFA L FR agreeing 69 —3FE .

2.4 Constructing The Required OCC Spectrum

Two-Step Plan (Original). First construct an OCC spectrum A with correct minimum value
but extra tight graphs (all 4-forests and K, ). Then add a multiple of A®) | which is positive on
problematic graphs and zero on all graphs with at most three edges.

oy . . . s L U
LA remark. iX =& Section 2 8494% 0 T2 T IEE AR, 15EEF R,
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Lemma 2.8 (Lemma 2.8 (Original)). Let B be a distribution on bipartite graphs, and for
each B € B let fg be a real-valued function on subgraphs of B. Then

Ae = (-1)9'E[fz(BNG)]

is an OCC spectrum.

Proof. Fix bipartite B. By Claim 1, Ag is OCC; equivalently,
Ae = (=1)I%xp (G N B)

is an OCC spectrum for each B’ C B. Since {xp' : B’ C B} spans all functions on subgraphs of
B, for any f the vector

Ao = (-1)€If(GNB)
is OCC. taking expectation over random B ~ B gives the statement. O

oy

4 remark. Lemma 2.8 3L RBARFLAC B AR AL S AR, cut TEGITAIR AL, A FH/FE
—/A 0CC #%.

Concrete Choice Of Building Blocks (Original). The distribution B is the uniform distri-
bution on complete bipartite subgraphs from random bipartitions. Functions fg are chosen as

indicators of:
o cut size events |GNB| =i (i = 1,2,3),

e or cut-isomorphism events G N B = R for specific bipartite R.

oy

LA remark. T2 AT 2L E@REER ¢(G) o qr(G): CAEZTIEELT 0589 “HEE R AT,

Engineering Insight (Original). The ¢;(G) and qr(G) coordinates are rich enough to interpo-
late exact values on small graphs, while decaying fast enough on large graphs to preserve a strict
spectral gap.

] > N 77 4 . N o 1. 3 P > — Sy « 1 2 A . « 5
LA remark. X&) iEBAFET AMTHERZMIZS A S CREHBZ C)NBABEAGT” fo “KBA%—
JEFET AN B AT,

Corollary 2.9 (Corollary 2.9 (Original)). Let (V1,V2) be a random bipartition of V(K,)
(each vertex independently chooses side with probability 1/2), and let B be the cut edges
between Vi, V. For G C K,,, define

%:(G) = Pr(|GN B| =1),

and for bipartite R,
qr(G) =Pr(GN B = R).

Then for every integer 1,

Aa = (—1)‘G|Q¢(G)

17



is an OCC spectrum, and for every bipartite R,
Ao = (=1)gr (@)

s also an OCC spectrum.

Y

2 remark. Corollary 2.9 iefh Z AR AAEZ R TITHAT £, 6 XATA B X A RAMEX ZALR,
Claim 2.10 (Claim 2 (Original)). Define

)\8) = (-1)I°g(G) - gfh(G) - %(&(G) + %%(G) |

Then
=1
o« Ao =-1/7;
. A](rii)n consists of: a single edge, a path of length two, two disjoint edges, a triangle, all

4-forests, and K ;

for all H ¢ AL

min’

1
)‘2) 2_?—'_7/7 ’7127~

¥

‘ 2, S o — . ~ V2
LA remark. Claim 2 #5% 3%, 12 tight £ ZRNT 4-forest 5 K, , FrvAt&5% 5k,
Claim 2.11 (Claim 3 (Original)). Let

A& = (=D S 4r(G) - 40, (G) |

FeFy

where the sum is over all 4-forests. Then:
1. /\f,) =0 for all H with fewer than four edges;
2. NP =1/16 for all 4-forests F;
3. A(;)_ =1/8;

4. |)\(GQ)| <1 for all G.

Proof. 1. Clear: a cut in a graph with at most three edges has size at most 3.

2. For any forest, each edge belongs to a random cut independently; hence ¢ (F) = 27171 = 1/16
for |F| = 4. Also q¢,(F) =0, and gr(F’) = 0 for distinct 4-forests F, F”.

3. Label K, vertices by a,b,c,d, where a,c have degree 3. A random cut is isomorphic to Cy
iff a,c are on one side and b,d on the other, probability 1/8. Also ¢r(K;) = 0 for every
4-forest.

18



4. |)\g)| is a difference of two probabilities, so it is at most 1.
O

& remark. Claim 3 EOTER T “RFITE, RFKHBARET: €3 |G <3 &K, R R&#ITE
PSRN E Lay AT

Proof Placement (Original). The proof of Claim 2 is deferred to Section 3 (cut statistics

analysis).

.y . . _ PN ) e _, .
K2 remark. iIXAdL5E Section 2 5 Section 3 8493 Section 2 fiw “i%i%3t B 4R", Section 3 Rl

“HEFAE LI .
Corollary 2.12 (Corollary 2.10 (Original)). Let
16
A=AW 4 Z4AD),
T
Then A is an OCC spectrum as required by Corollary 2.3:
. )\0 — ]_,

o A\g = —1/7 for all non-empty subgraphs G of Ks (and for the graph of two disjoint
edges);

o with v =+'/17, for every G with more than three edges,

1
AGZ—?‘FV-

Proof. For any 4-forest F', lift bad tight points:

For K,

1 16 1~
)\ > ) - __ R
N AR T A T
So taking v = ~//17 yields the desired gap. O

'l:x remark. Corollary 2.10 T T p = 1/2 t935H 3% {4, tight £, gap =N FAHREAT#H1E.

Section 2 Closing Point (Original). After Corollary 2.10, the uniform-measure case is reduced

to verifying Claim 2, which is exactly the cut-statistics analysis in Section 3.

'l:x remark. FivL Section 2 Wy R “JERAIESRR + B AF1E”, Section 3 N §l Ik 5 bR FAE 1T %4,
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3 Section 3 Notes

3.1 Cut Statistics

Section Goal (Original). The purpose of this section is to study cut statistics of graphs under

a uniform random cut, in order to prove Claim 2 from Section 2.

’y . . . . 1
L2 remark. Section 2 #57T 1E#)i& B 4R, Section 3 fi ieiX s B AFE TR0 R EF X 5 AE#1E .

Block-Decomposition Setup (Original). We begin by using block decompositions of graphs

to simplify the calculations.

7Y V23 9 N - KL
LA remark. Ry eHESH, AX -G LB PMEEY S —F .

a

Random-Cut Model (Original). We may view a random cut in G as a random red/blue

colouring
¢: V(G) — {red, blue},

with each vertex independently red/blue with probability 1/2. Let Y'(¢) be the number of multi-

coloured edges (equivalently, cut edges).

Y S S < C . .y 99 N = e s e ~ =,
LA remark. IIAMA L “cut B RAMENEE, BETA q AHAEGTEANAME S5 % .

Cut Distribution Notation (Original). Let

Q(G) = (q (G))kzo

be the distribution of |G N B| (a random cut size), and let

Qa(X) =Y au(@)x*

k>0

be its probability-generating function. For a single edge,

—_

w)=a()=5  Q(X)=5+X

[\

If Y7, Y5 are independent, then

QY1+Y2 (X) = le (X)Qyz (X)

"y ) o e e, s R . T AR e b s
LA remark. MEEF RFAITIEMRAX —FTHEI L L —F o RIRik, o h it 58T R AREGE
.
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Small-Graph Table Used To Engineer A" (Original). For key small graphs, the cut-

distribution values are:

G | 0(G) a(G) @G) ¢(G) qu(G)
0

1 0 0 0 0
— |12 12 0 0 0
Al 1/4 12 140 0
Al 14 0 34 0 0

Fy | 1/16  4/16 6/16 4/16 1/16
K;| 1/8 0 1/4 1/2 1/8

where F} is any 4-edge forest.
vy

LA remark. X IR E A RE B RMARE D LENALE AT, BERIEHA XA,

Coefficient Engineering For A" (Original). Suppose
MNG) = (—1)|G‘ [COQO(G) +c101(G) + c2q2(G) + c3g3(G) + C4Q4(G)]-

From A(0) = 1, we get ¢ = 1. Applying Theorem 2.2 to a Aumvirate forces
for all subgraphs of a triangle, giving

Substituting into the equations for F, and K, yields
3
403 + Cqy = ?

Choose ¢4 = 0, hence 3

= %.
Both bounds coincide (what luck!) This good fortune does not hold for p > 1/2.
oy

C3

K2 remark. iIX—F 3L Claim 2 Ly AR R0, Wmaedy tight 850 B2 R 3ED Ry,

Key Engineering Step (Original): matching small graphs first. The spectrum A®) is

engineered to match the table exactly on the controlling small graphs; the rest of this section shows

it also works for all other graphs.

oy

L4 remark. & CPNEARHGET, B KB/, ZEZEREPRIELOEE.

Block Splitting And Independence (Original). If G = G; U Gs, then

QG(X) = QGl (X)QG?, (X)7

since |G N B| = |G N B| 4 |G2 N B| with independence.
If G is connected and v is a cutvertex splitting G — v into G[S4],...,G[Sn], let

Hi = G[Sl U {UH
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Then the random variables {|H; N B[}, are independent and

N

N
GNBl= [HNBl,  Qa(X)=]]QunX).

i=1
If H = ||, H; is the split at v, then
Qo (X) = Qu(X).

N . 3 N R © S N as . pav.
L2 remark. “split REE cut 57 R BEEERSBITEMESERE L,

Global Split Formula (Original). Let G, be the graph obtained by fully splitting G into blocks.
If G has m bridges and tx blocks isomorphic to each biconnected graph K, then
11 A" ¢ 1 m t
Qo) = Qa.(X) = (5+3%) [L@uCO)™ = F-0+3)" [ Qa0

2m
KeK KeKk

where K is a set of isomorphism-class representatives of biconnected graphs.
Y D ~ 5 - ~ ¢ N =z ’ > - ~ 2
L2 remark. XA ANXICAEZT B 8Y cut ARG R, Y + SGER MY IS, B EITARA MK —

YR

Split Example (Original). If a graph is formed by joining two triangles with one bridge, then

Qa(X) = (; n iX) (Qa(X))* = (; ; ;X> (jl ; ix?)Q.

oy

LA remark. AP TFARETT “BFrsk—A 1+X)/2 BF, Ed@ki& gk L.

Coefficient Expansion Formula (Original). Suppose G has exactly m bridges. Let H be the

union of biconnected components of G, and write
i>0
Then Zizo a; = 1, and because H is bridgeless, a; = 0. Hence

Qo) = (5 +5X) Qulx

1
= 27(1+X)m((10 +CL2X2 +G3X3 + )

1
= 2—m<ao+maoX+ ((ZL

)(10 +CL2)X2
+ (<Tg>ao + mas + az) X* —FR(X)X"‘)7

for some R(X) € Q[X].

Y N . . N~y s N . — ) N
LA remark. X, (4) & Claim 2 ERR8 3 HA X €32 qo,q1, @2, 93 FRG R, m, ag, as, a3 89 % X 20
A

=2 o

3.2 Proof Of Claim 2
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Lemma 3.1 (Lemma 3.1 (Original)). Let G be a graph.

1. If G has exactly N connected components, then
q0(G) = 2N (9,
2. If G has exactly m bridges, then
71(G) = mqo(G).
3. If G has a vertex of odd degree, then qp(G) < 1/2 for all k > 0.

4. For odd k, q1(G) < 1/2.

5. Always ¢2(G) < 3/4.

s
by

Proof. 1. GN B = 0 iff each connected component is monochromatic. This has probability
2N—v(G).

2. This follows directly from (4).

3. Let v have odd degree. For any colouring ¢, flip the colour of v to get ¢’. Denote by Y, (c)

(resp. Y,(¢')) the number of cut edges incident to v under ¢ (resp. ¢’). Then
Y, (e) + Yo(¢)) = deg(u),
so Y,(c) # Y, (') because deg(v) is odd. Also Y (¢) — Y,(c) =Y (') — Y, ('), hence
V() £Y(C).
Since ¢ <> ¢ is an involution, in each pair (¢,¢’) at most one colouring has cut size k.

4. By item 3, we may assume all degrees are even. Then each connected component is Eulerian,

so every cut has even size; hence for odd k, ¢x(G) = 0.

5. The random-cut average size is |G|/2, so
G
o = 3™ ku(6) < 2(6) + (1 - 0:(@))161 = 161 + (2 - [GDaa(D).
k

where strictness uses ¢o(G) > 0. Hence
Gl/2 1 1
G) < =z .
(@) <=3 a2
So q2(G) < 3/4 for |G| > 6. If |G| < 5, use split graph Gy: if G has a bridge then ¢(G) < 1/2
by item 3. Otherwise G is biconnected with at most 5 edges, hence G € {K3,Cy,Cs, K, },

and direct checks give
3 5 _ 1
q2(K3) = q2(C) = IR q2(Cs) = ]’ (K, ) = 1

O

vy N SN S
LA remark. Lemma 3.1 #4427 Claim 2 FrEey “h—E LR T AR, HilE ¢ <3/4 T 5k

G E M ERFALA .
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Lemma 3.2 (Lemma 3.2 (Original)). Let G be a graph, and let H be the union of its

biconnected components.

1.

| =

1
QO(@) = 17 qO(_> = 57 QO(G) S
for all other graphs.
2. If m =0 and |G| is odd, then either qo(G) < 1/16, or G is a triangle or K .

3. Either H =10, or ag < 1/4.

ba

Proof. 1. Immediate from Lemma 3.1(1).

2. Since m = 0, each component is biconnected (thus has at least 3 vertices). If at least two
components, Lemma 3.1(1) gives ¢o(G) < 1/16. So G is connected. If v(G) > 5, again
q0(G) < 1/16. Remaining odd-edge possibilities are K3 and K, .

3. H is a union of biconnected graphs, hence H # —. Apply item 1.
O

'.:. remark. Lemma 3.2 W91ER & “ER4E 77 A L27, R S5 Ay T A4 a3k E .
Proof of Claim 2 (Original). Write
f(G) = q(G) -

The proof splits into odd |G| and even |G|.
Odd number of edges. We show: if |G| is odd, then

f(G) <

)

NI

with equality iff G is an edge, a triangle, or K ; otherwise
1 1
G)< - ——.
1@ = 7 56

If G has m bridges, Lemma 3.1 gives ¢; = mqq, so

16) = (1= 2m) (@) - FalC) + () )

If m =1, then ) . ;
f(G) = 7q0(G) - ?Q2(G) + %CB(G)-

If G = —, then f(G) = —1/7. Otherwise, by Lemma 3.2(1), ¢o(G) < 1/4, and by Lemma 3.1(4),

q3(G) < 1/2, hence
21 3 1 1 1 1

71728378 7 56

If m > 2, the coefficient of gy in (5) is negative, so

3 1 1 1 1

&) <=7 " %<7 5
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Now assume m = 0. If ¢o(G) < 1/16, then with ¢3(G) < 1/2,

1 3 1 13 1 3 1 1

<+ i S
f(G)_16+28 27 112 7 112<7 56

Otherwise, Lemma 3.2(2) implies G is either K3 or K , and direct computation gives

1

FKs) = f(KD) = =

Even number of edges. We show: if |G| is even, then

1
G)>—=,
£(6) 2~
with equality iff G is a 2-forest or a 4-forest; and otherwise
1 1
G)> -+ —
By (4),
1 5 1/ /m 3
f(G)—2m[ao—7mao—7<<2>ao+a2>—|—28<<3)a0+ma2+a3>}
_ ! [ =2 = ™Y £ 2 o + 1Jrg—m a+ia}
T oom 70 7\2) "28\3/))" 7 2T as™l
When m =0
PG = a0 zar+ o
=ay— —as + —a
0= Za2+ ooas
By Lemma 3.1(5), az < 3/4, so
1 1
G)>—=+ —.
HG) > =745
When m =1,
PSS VE NS UUUNE U UUE DR DU DUSE 0 S S-S S |
To\7" T R T ™) T T ™ T 6™ T T 56 7 2247 7 28
When m =2
1 4 1 3 1 1 3
f<G)—4<‘7“°+ 1%t e >—‘7“O+56a2+112“3'

We have f(G) = —1/7 iff H = (), i.e. G has exactly two edges. If H # (), Lemma 3.2(3) gives
ag < 1/4, hence

When m = 3,

f(G)—l _g _|_E +3 —_471 _|_i +i
- o @2 @3] 7 T o0 T 59492 T 9993

Since |G| is even, H # (), so ag < 1/4 and

41 1 87 1 1

> = — -l 242
&) 2556~ 7 806~ "7 33

When m = 4,

@) L(16 2 3 Loy, .3
= —|——ay+ zaz2+ a3 | = —zap + —az + ——=as.
6\ 7 0T 7T ogms 79756 2 44877
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We have f(G) = —1/7 iff H =), i.e. G is a 4-forest. Otherwise ay < 1/4, so
11311
28 7 28 728

Finally, assume m > 5. Since coefficients of as, az are positive for m > 2, it suffices to bound

1G) =

the ag-coefficient away from —1/7. Define

w5 0330+ 30))

For m =5,

Since |G| is even, H # (), so ag < 1/4 and
41 1 1 215 1 1

> =4 sy
&) 2 -5 1 7t 17027 "7 38
For m =6, 23 23 1 41 11
r0)=-pg M@z m="7tm> 71
Form =7, 13

For m > 7, the polynomial

1_§_1m+im
7" T 7\2) Tagls

in the numerator of r(m) is strictly increasing, hence

i >
r(m) > 13 (Vm >T7)
Therefore 3 ) 191 . .
P i S
1@ = 512 7 * 3584 > 7 * 28
for all m > 7. This completes the proof of Claim 2. O

G

L3 remark. Section 3 BoWIk: Claim 2 FF & o4 o NMF AR 5 35 W) FR ARy cut itdgsaded, A
FTAMSHAEZ .,

Meri O RiBbal) = Shi 2 B s m X 240 ?
™ remark. B AKX (4) T m HEKE ag,az,a3 B9 EFFT R By m My &, RER
B s T RS ST

4 Section 4 Notes

Section Transition (Original). For p < 1/2, the intersecting and agreeing questions are no
longer equivalent. Indeed, the triangle-agreeing family of all graphs containing no edges of a fixed
triangle has

pp(F) = (1—p)* > p°.

So in this section we focus only on odd-cycle-intersecting families.
Y

L2 remark. iX —F e iTiBaT A “intersecting/agreeing —# 7] A" i F| “ R intersecting”
M B ) 3k KA LR AL,
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4.1 Skew Analysis

Weighted Cube Setting (Original). For skew analysis, work on {0, 1} (finite X) with product

measure
pp(S) = p*I(1 = p) XI5,
In our graph setting, X = [n]®. For G C K,,:
1p(G) = (1= p)D1Ep(F) = 3 (G).
GeF

Inner product:

(fog)o = D mp(S)f(S)9(S).

SCX

[

&2 remark. iX—F 3L 5 M E LG Hilbert 5 83 iim B, B4 ATH B0 AR Z skew 1L,

Skew Fourier—Walsh Basis (Original). For each e € X, define

Vi ¢S

— I_Tp, e€sS.

Xe(S) =

For R C X, let xg = [[.cp Xe- Then {xg : R C X} is an orthonormal basis in (R[{0,1}*],(-,-),).

Every f has expansion

f= Z f(R)XR~

RCX

All formulas from Section 2.1 (Parseval etc.) hold in this skew setting.

N N . - . . s N "
A remark. F AR ERBET KA, (e LA TR IRKZ “Hig OCC HT + W R,
Definition 4.1 (Definition 4.1 (Skew OCC Operator, Original)). For p < 1/2, an OCC
operator is a linear operator A on R[{0, 1} ] such that:

1. if f is the indicator of an odd-cycle-intersecting family, then

f(G)=1= Af(G)=0;

2. the skew Fourier—Walsh basis is a complete eigenbasis of A. o)

vy

LA remark. Fo p=1/2 892 X E— R 4R 72X Z A 9% intersecting (R agreeing) .

Matrix Construction (Original). Define

1-2p p
M=|(Tr Tr],
1 0

with rows/columns indexed by {0, 1}. For bipartite B C K, set for each edge e:

M, e€ B,
Iryo, € ¢ B,

MYy =

27



and
Mp = Q) MY,

eeK,,

vy

L2 remark. X #E R skew RRAg “EN BT TR de— R FEEIKEILE] PR i AL AR

Claim 4.1 (Claim 4 (Original)). For bipartite B, left multiplication by Mg defines an OCC

operator:

(Msf)(G)= > (Mg)euf(H).

HCK,,

For each G C K,,, x¢ is an eigenvector with eigenvalue

|GNB| |G| |GNB|
() () ()T
1*]7 1*2? D )

Sl

Proof. annihilation step: if F is odd-cycle-intersecting with indicator f, to show OCC property

it suffices by linearity to prove
GﬂHﬂB#@i (MB)G,HZO-

But
(Mp)arr = [ Mo .m0,

ecK,
and if some e € B has G(e) = H(e) = 1, the corresponding factor is M; ; = 0.

eigenvalue step: the vectors

Xo = <1> X{e} = ( P =) ) (6)
1) T \=Va-n/p
are simultaneous eigenvectors of M and I5». Tensorization gives that each x¢ is an eigenvector of

Mpg with eigenvalue

equivalently in the displayed claim form. O

%

¥ Jr = N . 1= .
L34 remark. Claim 4 3¢ Section 2 89 TR T E LT skew Fpw, =& Section [ vk sl ¥ &,

Uniform-Case Consistency (Original). Mp is the p-skew analogue of the uniform operator

Ap; when p = 1/2, we have M, = 0, hence

Mp = Ap.

7Y S 2 . g o S = . ; N i 4
L2 remark. i —F PLEA Section 4 TR B ALK, ®maxf Section 2 byiE TR,
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Transpose/Random-Walk View (Original). M} corresponds to an operator Np:
Npf(G) = E[f(G &, B)],

where G &, B means flipping each edge of B independently with probability p/(1 — p). This is a
Markov walk with stationary law G(n,p), and for odd-cycle-intersecting f:

f(G)=1= Nyf(G) =0.

oy

L2 remark. AR TR ABET AT 2B EARE FIHAKRE M4 —F RTAAEEERN" 89
S WU

4.2 Engineering Eigenvalues For p < 1/2

Subsection Aim (Original). In this subsection, we construct an OCC operator with the re-
quired spectrum first on [1/4,1/2), and in fact on a slightly extended interval, so that the stability

constant remains bounded when p is bounded away from 0.

"y _ o sy e a ke Ly e
LA remark. IXLAEH BARTR R A& “REir RV, R Rdefi i —A s iR,

Working Interval (Original). In this subsection, assume
p€(r,1/2), 7 =0.248.

The proof for smaller p is deferred to Section 4.4. The proof breaks down for slightly smaller p: the

required inequality is violated by 3-forests.

oy e , .
LA remark. 154 % & “PERAERN et s Mis, B3 —2E5 20 p.

Lemma 4.2 (Lemma 4.2 (Original)). Let B be a distribution over bipartite graphs, and each
B € B has a function fg on subgraphs of B. Then

o= (1) BB o)

is an OCC spectrum.

s
by

Proof. Trivial skew generalization of the proof of Lemma 2.8. O

Y . .,
A remark. iX—4% skew pR ARy “4EL) 7,

Corollary 4.3 (Corollary 4.3 (Original)). With random bipartition (V1,Vs) and cut B, define

@(G)=Pr(|GNB|=1i),  qa(G)=Pr(GNB=R).

Ao = (—ﬂp) @, a- (—ﬂp) e

Then

are OCC spectra.
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L [
L2 remark. Corollary 4.3 %7 Section 2 09 ¢;,qr TR skew [FHT A1E 5

Theorem 4.4 (Theorem 4.4 (Original)). Let A = (A¢)cck, be an OCC spectrum with

A
Ap=1 -1 /\min ’ ) = _&'
0 ’ < <0 U >0 v 1-— )\min
For odd-cycle-intersecting F:
o Upper bound: p,(F) <wv.
o Uniqueness: if p,(F) = v, then .7?(G) # 0 only on A, U {0}.

o Stability:

w = G¢A§U{@} F(G)? < o (v — pp(F)).

)

Proof. Same argument as Theorem 2.2, replacing uniform Fourier analysis by the p-skew Fourier

basis and using odd-cycle-intersecting OCC annihilation.

™ remark. Theorem 4.4 7 Section 2.2 FAEMHAE skew =17 B 49 ——3F SR,

Corollary 4.5 (Corollary 4.5 (Original)). Assume an OCC spectrum with

p3

A =1 )\minzfia
0 ) 17p3

7 >0,

and all minimizers have at most 8 edges. If F is odd-cycle-intersecting, then:
o ,Up(]: ) < p3;
e if equality, F is a Numuvirate;

o if pp(F) > p® — ¢, then

for some NAumuvirate T .

Proof. Same deduction as Corollary 2.3 from Theorem 2.2, now using Theorem 4.4.

N

kAR
Coeflicient Constraints (Original). For spectra of the form

|G|
Ao = (‘pp) [€090(G) + 101(G) + €202(G) + €305(G) + caqu(G)],

the small-graph constraints give

_prop-l _po3ptl

co=1, ==, cy = ,
0 FTprprd 2T prap 1

30
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O

L2 remark. Corollary 4.5 5& Section 4 #4 A4 B AR REBMEd EA R FAEEFo B R, T4



and

5p? — 27 45 — 16 2 -2 45 — 32 2
P P+ /p§4c3+c4§5p Tp+45-32/p+8/p°
P2 Lptl pPP+p+1
At p =1/2 bounds coincide; for p > 1/2 they contradict; for p < 1/2 they leave a gap. Choose

 5p% — 2Tp+ 45 — 28/p + 6/p°

f— 0’
“ “ 1 +p+1)

)

which satisfies ¢3 > 0 on (0,1/2].
vy

LA remark. iX—F & Section 3 L “good fortune at p=1/2" & skew Fag#F#AT L p>1/2 &
AR

Claim 4.6 (Claim 5 (Original)). Let A®) be given by

o p A\
9= (-12)” 1O + @ +cani@) + ],

with c1,ca,c3 as above. Then there exists v > 0 (independent of n,p) such that:

(1) _ 4.
. )\@ =1;

. )\(1) _ p®

min — ~ 1—p3 5

e minimizers are: one edge, 2-path, two disjoint edges, triangle;

e for all
H¢A) UFU{K;},
we have 5
(1) p /

N

LA remark. Claim 5 7% skew % — % i%: BArs¢ P, EBAFEGHIR, 12 J-forest 5 K[ 1hE=

KNG IE

Claim 4.7 (Claim 6 (Original)). Define

A® — <_lfp>a' [Z 4 (€)= 40, (G)

FeFy

Then
1. X2 =0 for |H| < 4;

2. 2% = 2*4% for 4-forests F';

_p)4

(2) _o9-3_0p" .
3. )\K; =% T

4. M2 <1 for all G.

p

Proof. Same proof as Claim 3; the last bound uses 5| < 1. O
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™ remart. Claim 6 & Claim 8 #) skew Z 8, 51132 J-edge S5+7% tight 5355 .

Corollary 4.8 (Corollary 4.6 (Original)). Let

16
A:A1+ 7’)/A2

1
Then:
o N =1,
o \g=— 1f;3 on non-empty subgraphs of K3 (and two disjoint edges);
o with

4 4
p ' T

= > 4
TTTA—pr ! T 1T — )

all |G| > 3 satisfy

A > —
s

+ 7.

Proof. Same linear-combination argument as Corollary 2.10, with skew scaling factors. O
l N

LA remark. Corollary 4.6 TR 7T p € [1,1/2) a9 A 3R,

Immediate Consequence (Original). Corollary 4.6 implies Theorem 1.4 for p € [r,1/2). The

remaining range is handled in Subsection 4.4.
' \

A remark. Bl EZPFpERM KT, 5@EAFI LI p KIF,

4.3 Proof Of Claim 5

Verification Strategy (Original). The proof follows Claim 2 structure (odd/even |G| cases),
but now inequalities are rational in p. Each target inequality is reduced to polynomial positivity

on [7,1/2), checked via Sturm-chain style root exclusion.
™ S 2 ¢ v S v €L N
LA remark. XA T CHFTT —RMEE BHEANRE: o B ARN, me R RAIEIE,
Lemma 4.9 (Lemma 4.7 (Original)). Let G be a graph with m bridges.

1. If m=1 and |G| > 1, then |G| > 4.

2. If m=0 and |G| <5, then G is one of K3,Cy,Cs, K . P

Proof. 1. Every biconnected component has at least 3 edges.

2. If there are two biconnected components then |G| > 6; the only biconnected graphs with at

most 5 edges are those listed.
O

¢

L2 remark. Lemma 4.7 & Claim 5 515 AT TTe g B Ry £ T,
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Proof of Claim 5 (Original). Set coefficients as above. For p € (0,1/2], ¢o,c3 > 0, ¢; < 0, and ¢
changes sign at (3 —v/5)/2.
Odd |G| case. By Lemma 3.1(4,5):

p |G| 3 1
Ag > — <1p> [qo(l + mey) +max<402,0> + 203] .

When m > 2, 1+ me; <0, so

D <l 3 1
)\G > — <1p> |:maX<4C2,O> + 203:| .

If |G| = 3, direct check gives A\g > f% unless G is intended minimizer. Otherwise |G| > 5 and

p Y\ 3 1 p’
)\G > — <1p> |:maX<4CQ,O> + 2C3:| > 71 —p3

When m = 1, Lemma 4.7(1): either |G| =1 (equality minimizer) or |G| > 5. Using ¢y < 1/4:

» \’[1 3 1 P
Ag > — <1p> [4(1 +c1)+ max(402,0> + 203} > T
When m = 0, Lemma 4.7(2): either K5,C5, K, or |G| > 7. K3 gives equality minimizer; Cs, K,
are checked directly (for K; equality only at p = 1/2). For |G| > 7, Lemma 3.2(2) gives ¢y < 1/16:

7
D 1 3 1 p3
> (=) |= Z = — .
Ag > (1p> {16 +max<4cz,0) + 203] > 1=

Even |G| case. Using (4), write

IG|
e = <1pp> (do(m)ao + day(m)ag + d3(m)a3)7

where

m m
do(m) =27 [1 +me; + <2>02 + (3)03] ,  da(m) =27 (e +me3), dz(m) =2""cs.
Here d3(m) > 0, and da(m) > 0 for m > 2. Also do(m) > 0 for m > 10 (via positivity of ¢; + 7cs,
¢ + 2¢3, and monotonic increment argument). Hence if m > 10, Ag > 0.

If m < 10 and G is a forest, possible even-edge cases are 2-,4-,6-,8-forests. 2-forest gives equality
minimizer; others are direct checks (4-forest touches only at p = 1/2).

If m < 10 and G is not a forest, Lemmas 3.1(5), 3.2(3) imply

Ao > <1fp>2 [minGdo(m),o) +min<id2(m),0>] > 2 fgp3.

So all non-target graphs are strictly above the minimum, yielding the claimed gap. O

oy

L2 remark. Claim 5 89 %4552 1 odd/even W 785/ AE % — 23] BAREMAZ b, F+ B8 RIA)_EARAF™
bk

4.4 Small p

Range (Original). For p € (0, 7], use a different OCC spectrum read from [8].

7y

L2 remark. iX =& Section 4 9% B H %, BRMEANEMEAE I p R R T4,
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Claim 4.10 (Claim 7 (Original)). An OCC spectrum is
€]
p 1+p 1 GD]
g =Ag|=|——— l- ——— |G|+ ———— .
¢ < 1—p) { Trprrm 1+p+p2<2

1. >\O = 1,'

Moreover:

2 Amin = A = Ag = Ag = — 2

3. for |G| > 4,

p )56—4p+ﬁ
1+p+p?’

so the spectral gap is

5
P’ _< p ) 6—4p+p°
1-p) 1+p+p* s

Proof. Can be deduced from [8]. Alternatively, by Lemma 4.2, any

N3:<—1€p>mlcm+aﬂGHﬂhC§U>

is OCC. Choose coefficients to satisfy A\g = 1 and

- o _ P
Al =Xy = A3 = T
Then direct checks show:
A <0, AN 20(Gl Zdeven).  [Nopral < el (1G] 2 5 odd),
which yields the claim. O

¥

Y \ NS Lo o s
L2 remark. Claim 7 £/ p RIA) 24T B X Iz 4| ey 2 T &%,

Lemma 4.11 (Lemma 4.8 (Original)). Let 7y be the spectral gap in Claim 7. Then
P
(1=p*)y
is bounded on p € (0,7]. |
Proof. Let
_Q=p)y o p6-4p+p°)
o) = C T =y O
p (1-p)

On [0,1/4], g is strictly decreasing with ¢g(0) =1, g(1/4) = 0. Hence on [0, 7]:
9(p) = g(7) >0,

SO
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7y

LA remark. I R AEE MEHRRS A p BEay XK,

Theorem 4.12 (Theorem 4.9 (Kindler—Safra, Original)). For every t € N and p € (0,1),
there exist

g0 =Q(p*), c=0@p™"), T=0(tp™")

such that if Boolean f:{0,1}" — {0,1} satisfies

> (9 =e<eo,

|S|>t

then there exists Boolean g depending on at most T coordinates with

upy({R: f(R) # g(R)}) < ce.

42
L

vy N . . v -
LA remark. iX &% skew 322 M IRAG TG S HTERTON o

From Spectral Tail To Structural Closeness (Original). Lemma 4.8 and Corollary 4.6 imply
that there exists an absolute constant C' such that if F is odd-cycle-intersecting with p,(F) > p®—e,
then

> F(G)? < Ce.

|G|>3
Applying Theorem 4.9 (with ¢ = 3) and the same deduction as in Corollary 2.3 yields that F is
¢,Ce-close to a Aumvirate, where ¢, depends only on p and is bounded on [, 1/2) for each fixed
6 >0.

%

Y - oSz 99 S S v — VBT RY) © — S AL 7 -
KA remark. iIXFEAE R RN AIER R, “EMIER Z AR, RAAT LR TRM R E —F .

Section 4 Conclusion (Original). Combining Corollary 4.6 (for p € [r,1/2)), Claim 7-Lemma
4.8 (for p € (0,7]), and Theorem 4.9 gives Theorem 1.4 for all p € (0,1/2), with stability constants
bounded away from 0 on [§,1/2).

N

L2 remark. Section 4 HODWCH: 1mE M E T a9 AE1E p3. SHrE—M 5458 HASRITIA,

5 Section 5 Notes

5.1 Odd-Linear-Dependency Families

Section Goal (Original). In this section we prove Theorem 1.8.
vy

L4 remark. I —de “FIRLT E7E] STERMBRMR, FRFRE—FiEFE.

Odd-LD-Intersecting On Hypergraphs (Original). A family F of hypergraphs on [n] is
odd-linear-dependency-intersecting (odd-LD-intersecting) if for any G, H € F, there exist | € N
and non-empty sets

Ay, Ay € GNH
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such that
A1A e AAQH_l - (Z)

o . . ko s s I
LA remark. XABE FERLERHAE “FREELZBIOAR” dYIRMLEH,

Vector-Space Reformulation (Original). Identifying subsets of [n] with vectors in {0,1}" =
7y, symmetric difference becomes vector addition. Equivalently, a family F of subsets of Z% is

odd-LD-intersecting if for any S, T € F there exist [ € N and non-zero vectors
U1y ...,V2141 € sSNT

such that
v 4 4 V941 = 0.

Y

KA remark. iX LACLA A T LT R T RIS, B2yt S Cayley 41 B AT A .

Odd-LD-Agreeing And The Zero Vector (Original). Similarly, odd-LD-agreeing is defined
by replacing S N'T with SAT. Since 0 cannot appear in a non-trivial odd linear dependency, it is

irrelevant; thus we work on

{0, 13"\ {0} = Z5 \ {0}.

"y . o, . ~
LA remark. H\% 0 @) 6, LM EEF, ERFABRAE R AR,

Skew Measure And Schur Structures (Original). For p € [0,1] and S C Z3 \ {0},

pp(S) =PI (1 = p)> T (F) = e (S).
SeF
We mainly use /i1 /2, denoted by p. A Schur triple is {z,y, 2} with x+y = 2 (equivalently z+y+2z =
0). A Schur junta is defined by prescribing intersection with a fixed Schur triple, and a Schur-

umvirate consists of all sets containing a fixed Schur triple.
Y

E2 remark. Schur triple £iX 2308 Z A09 A & junta/umvirate W) & x5 5 64 HRAR 45 ) 1% i

Theorem 5.1 (Theorem 5.1 (Original)). If F is an odd-LD-agreeing family of subsets of
Zy \ {0}, then
u(F) <

ool

Equality holds if and only if F is a Schur junta. Moreover, there exists a constant ¢ such

that for any e > 0, if

1
/’L(’F) > g -&
then there exists a Schur junta T such that
WTAF) < ce. \

42
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i S S s, « 3 o ” N
KA remark. iIXZIGME T RTE “LR +"E—M + B2 M %k,

Theorem 5.2 (TheorenyB2tt@rigihfiipmilies| Let p < 1/2. If F is odd-LD-intersecting in
75\ {0}, then
:up(f) < p3'

Equality holds if and only if F is a Schur-umuvirate.

[Stpbility] There exists a constant ¢ such that for any e > 0, if
:up(]:) 2 p3 -
then there exists a Schur-umuvirate T such that

pp(TAF) < ce. ™

oy

A remark. XA/ EMET 693 ek, A ERER p2.

Lifting Back To Graph Families (Original). Theorem 1.4 follows from Theorem 5.2 by lifting
graph families: for odd-cycle-intersecting F of graphs, define

H={FUS:FecF, SC{0,1}"\ ([n]® u{o}}.
Then

pp(H) = pp(F),

and H is odd-LD-intersecting, since odd cycles lift to odd linear dependencies.

vy N . . (SR, .~ »
L2 remark. X —WA# T Section 5 Fo{ie L I Z B A IR £ o

Why Section 5 Is Not Redundant (Original). The paper notes that Theorem 5.1 does not
seem deducible from Theorem 1.4; it is a bona-fide generalization. The setting is in some ways

cleaner, since the ground set and its power set live inside a vector space over Zs.

& remark. TEHRIAXE R “BFFTER, ML AR. LH—NFER,

5.2 Cayley Operators

Preliminaries On Vector Sets (Original). For S C Z% \ {0}, write

rank(S) = dim(Span(S)).

Define
1(S) ={veS:v¢Span(S\{v})},  m(S) = [I(5)],
and
J(S)=85\I(S5).

24 remark. I(S) AN “FR B R”, J(S) IN “UREERS, B9 IE = B ZEANFH .
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Bilinear Form And Orthogonal Space (Original). For z,y € Z7,

=1

For S C Z%,
St ={xezy:(r,v)=0vveS},

with
dim(S*) + dim(Span(S)) = n.

vy . o . Ly Y A \
L2 remark. X450 T SR EHOT AN I TR,

Affine-Subspace Reminder (Original). An affine subspace of V' is a set U + a where U is a
subspace and a € V. If U has dimension d, then U + a has dimension d. An affine subspace of

dimension n — 1 in an n-dimensional space is an affine hyperplane.
oy

L2 remark. J& @ egA8 T Em M E A E XA KB E,

Lemma 5.3 (Lemma 5.3 (Original)). If S = {vy,...,v4} C ZY is linearly independent, then
for any ry,...,rq € {0,1}, the set

A={ze€Zy:(v,z)=r; Vi l[d]}

is a translate of S*, and therefore an affine subspace of dimension n — d.

;If R
Proof. For each i € [d], choose
yi € (S\ {uih) "\ 5.
Since dim((S \ {v;})*) =n —d + 1 and dim(S+) = n — d, such y; exists. Moreover,
(yi, v5) = di ;.
Let
d
a= Z TiYi-
i=1
Then
A=a+ 85+
as required. 0
B3 remark. & “BpRAME = — BB+ FABENT 8 Ty WA
Lemma 5.4 (Lemma 5.4 (Original)). An affine hyperplane of the form
Ay ={v eZy: (v,w) =1}, w € Z3 \ {0},
contains no odd linear dependency. o
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Proof. If vy,...,v941 € A, then

241 2041
<Z v, w> = Z(Ui,w> =1
i=1

i=1
Hence
20+1
Z V; 75 0.
i=1
O]
vy [
&4 remark. EEE C = E ARG EAMEE R LAF L.
Definition 5.1 (Definition 5.5 (Hyperplane Subset, Original)). A hyperplane subset is a
subset of some A,,, where w € Z. e

7 ‘ > V2 A «“ . . LT} ~
L2 remark. XA G 5 72 “bipartite graph” 895 RKIT %,

Hyperplane Subsets As Bipartite Analogues (Original). If A is a hyperplane subset, F is
odd-LD-agreeing, and S € F, then
SeA¢F.

Also, a bipartite graph with bipartition (X,Y’) is a subset of A,, by taking w; = 1gecx3.
vy N . 5 2o = ’ 7 i B +
LA remark. iX &) e B Loy fo ‘e B0 RBTEENT HERLERT .

Random Hyperplane Slice (Original). For uniform random w € Z§ and S C {0,1}", define
Ys =|SNA,l

This is the analogue of random-cut size in graphs, and if S C [n]®), it is exactly random-cut size
of S. Write Q5(X) for the probability-generating function of Yg.

7Y e L s s
LA remark. % 3 09 cut Rt EXZERT hyperplane-slice it

OLDC Cayley Setup (Original). We now have a Cayley graph on Zéo’l}"\{o} with generating
set

{A: Ais a hyperplane subset}.

Y . N . [N . VN
K2 remark. iIX—F 3t 8 Section 2 R INE R V) 4E R, Cayley 1% 19) 24 ,

Definition 5.2 (Definition 5.6 (Odd-Linear-Dependency-Cayley Operator, Original)). A
linear operator A on real-valued functions on Z;O’l}n\{o} is called OLDC' if:

1. if F is odd-LD-agreeing and f is its indicator, then

f(8)=1=Af(5)=0;

2. the Fourier—Walsh basis is a complete eigenbasis of A. e
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The eigenvalue vector of an OLDC operator is called an OLDC spectrum. e

Y

LA remark. X2 OCC &S LD P oy——3F 2 L,

Corollary 5.5 (Corollary 5.7 (Original)). Let w be a uniform random vector in Z% and
Ay, ={veZy: (v,w) =1}

For S C 7%, define
q:(S) =Pr(|SNA,| =1i).

For any R C Z% with no non-trivial odd linear dependency, define
qr(S)=Pr(SNA, =2 R),
where = means linear isomorphism in Zy. Then, for fized i,
As = (—1)1%1g;(S)
is an OLDC spectrum, and for fized admissible R,
As = (—=1)¥lgr(S)

s also an OLDC' spectrum.

™ remark. X3k % Section 2 44 Corollary 2.9 £ LD EZE 84 7 A 451405

5.3 Construction Of The OLDC Spectrum

Independence Input (Original). If S = {vy,...,v4} is linearly independent, then {(v;, w) : i €
[d]} are independent Bin(1,1/2) random variables. Indeed, for any r,...,rq € {0,1}, Lemma 5.3
implies

{w e Z% : (v;,w) =r; Vi € [d]}

is an affine subspace of dimension n — d, hence has size 2"~ ¢.
7y

A remark. X —FRET CTRMW, & B M A RGH IS ARAGIZ S .

Decomposition By I(S) And J(S) (Original). For each v € I(S), the random variable (v, w)
is independent of {(v',w) : v" € S\ {v}}. So if

I(S) = {v1,...,vm}, J(S) =A{uy,...,u},

then -
Ys = ZY{U,;} + Y s).-

=1

7Y . s EEN >y
LA remark. I HRES 5 PAEKX (4) 8942 5.
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Generating-Function Expansion (Original). Write

Qus)(X) =D a; X",

i>0
with a; = 0. Then
1 1 "
QRs(X) = 5 t3X Q(s)(X)
1
= Q—M(l + X)™(ag + ae X + a3 X® +---)
1 m (7)
— 27m(a0+ma0X—|— (<2>a0 + a) X*?
m 3 4
+ ((3)&0 + mas +a3)X + R(X)X ),
for some R(X) € Q[X].
o KX (7) & Section 3 04X, (4) TARA, FHik Claim 2 89iEfAERT VA HiET 4.
Claim 5.6 (Claim 8 (Original)). Let A be the OLDC spectrum
1 ) 1 3
AF = (=11 |00(S) = 2a1(8) — =a2(S) + 550a(S) |
Then:
. )xéjl) =1,
® Afi?n = _1/7}
. A&)n consists of: all singletons, all 2-sets, all linearly independent 4-sets, and all sets
of the form {x,y,z,x +y,x + z};
o forall S ¢ Al(ii)n,
1 1
)\(1) > _ - / A
s =2 7t7 Y=g N

Y . . . . . . S
LA remark. 2 2-sets ¥f fL 2-forest, IR 4-sets xR J-forest, {x,y,z,x +y,x+ 2z} ¥ K.

Lemma 5.7 (Lemma 5.8 (Original)). Let S be a set of vectors.

1.
QO(S) _ 27rank(S)'

¢1(S) = m(S)qo(S) = m(S)27rank(s),

3. If there exists i € [n] such that |[{v € S : v(i) = 1}| is odd, then q,(S) < 1/2 for any
k> 0.

4. For odd k, qx(S) <1/2.

5. Always ¢2(S) < 3/4. P
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Proof. 1. qo(9) is the probability that w € S*. Since dim(S+) = n — rank(S), we get qo(S) =
27rank(S).

2. [SNA,|=1iff we (S\{v})*\S* for some v € I(S). The sets {(S\ {v})* \ S+ :veI(S)}

are disjoint, and each has size 2" ~"#"k(%) | giving the formula.

3. Let
T, ={w € {0,1}" : |[SN A,| = k}.
For any w € T}, we have w + e; ¢ T}, (same involution idea as Lemma 3.1), hence |T}| < 277!

and ¢x(95) < 1/2.

4. By item 3, assume each coordinate appears an even number of times in S. Then for any

Z<57w> =0,

s€S
so [{s € S: (s,w) = 1}| is even. Therefore g;(S) = 0 for odd k.

w € Ziy,

5. Average size gives
S
BT S k0 (S) < 200(9) + (1 0a())1S] = 18] + (2 S)aals).
k

strictly since go(S) > 0. Hence

15| 11
§) <12 1 .
©(5) < 3057=9) ~3 T i5T—2

So ¢2(8S) < 3/4 for |S| > 6. For |S| < 5, by item 3 we may assume ) v =0. Let T'C S be
the smallest dependent subset. Then T' must be

{x7y"r+y}’ {x7y)z’x+y+z}7 or {x’y7z’v7x+y+z+v}'

Since S sums to 0, also S\ 7" sums to 0; but |S \ T'| < 2, impossible unless S = T'. Directly:

qQ({l‘,y,ar+y}) = Q2({$ay72,$+y+z}) = §

5
4’ G({{z,y,z,v,x+y+2z+0v}) = o

7y

L2 remark. Lemma 5.8 5= Lemma 3.1 9 LD Jp LT B4, B A & HMRRTE .

Lemma 5.8 (Lemma 5.9 (Original)). Let S be a set of vectors.
1.

1

w® =1 wleh=3 o<

for all other S.
2. If m(S) =0 and |S| is odd, then either qo(S) < 1/16, or S is of one of the forms

{z,y,z+y}, {z,y,z,z+y,z+2}, {z,9,z2,2+y,y+zc+2z,c+y+ 2}

3. Either J(S) =0 or ag < 1/4.

L
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Proof. 1. If S # 0, {x}, then rank(S) > 2, so apply Lemma 5.8(1).
2. If rank(S) > 4, item 1 gives ¢o(S) < 1/16. If rank(S) < 3, only the listed possibilities occur.

3. If J(S) # 0, then rank(J(S)) > 2 (there is no dependency in {x}), so item 1 implies ap < 1/4.
0

Y 2 R S . — Kk a2 T S a2 « N [N R
L3 remark. P ATAE SRR triangle 5 K, % =%% LD %5336 “LEWIT N ¥4
o

Proof of Claim 8 (Original). The proof of Claim 2 relied on (4) and Lemmas 3.1-3.2. To prove
Claim 8, replace them by (7) and Lemmas 5.8-5.9. The argument then goes through line-by-line

after the substitutions

G S, m +— m(S), Hw— J(9).

The unconditional estimates (Lemma 3.1 type) and conditional estimates (Lemma 3.2 type) both

CarTy Over.
As in Claim 2, explicit calculations are needed on exceptional small structures. Besides the

direct analogues, there is one extra exceptional set:

S={z,y,z,x+y,xz+zy+z,z+y+z}

for which _
X)=-+-Xx*
Hence _ )
I8 =5=7"%
This completes the proof. O

& remark. Mgk, (W EAL) : Claim 8 #9352 KR E 427 “Claim 2 PR 457, 125 a9
2 7 ST R F S

Claim 5.9 (Claim 9 (Original)). Let A be the OLDC spectrum

A§>—<—4>w'l}quaﬁ-—qu<sﬂ,

where I denotes a linearly independent 4-set and O = {a,b,c,a+ b+ c}. Then:
1. AP =0 for all |S] < 3;
2. )\g) = 1/16 for linearly independent |S| = 4;

3. \®

{e.y,zaty,atz} —

1/8;

4. |)\592)| <1 forall S.

e

Proof. 1. Clear.
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2. For any linearly independent 4-sets I, I’, we have

and ¢o(I’) = 0.

3. Let S ={z,y,2z,2+y,x+ z}. Then ¢;(S) = 0 for any linearly independent 4-set I. The only
subset of S isomorphic to [J is

{y, 2,0 +y,x+ 2},
so qo(S) =1/8.

4. |)\E.;2)| is a difference of probabilities, so it is at most 1.

7y . s - .
2 remark. Claim 9 0917ER 5 B P84 Claim 8 74— 6% — 1% LayIr tight &

Closing The Uniform-Measure Case (Original). Using the same argument as before, if F
is odd-LD-agreeing then
u(F) <

x| =

For odd-LD-intersecting families, Lemma 2.4 yields equality only for families containing a fixed
Schur triple. For odd-LD-agreeing families, the same monotonization argument as Lemma 2.7

yields equality only for Schur juntas. Stability follows by the same argument as before.

vy s _ . 2o
A remark. £330, Theorem 5.1 85 L5, 5 22 ) 5482 M AR 3R,

5.4 Small p

Skew-Measure Extension (Original). For p < 1/2, Theorem 5.2 is proved by the Section 4

technique. The main-claim proof (Claim 5 type) now also uses Lemma 4.7, and its extension below.

N

L2 remark. iX3R5%F B Section 4.4: ByAE ), 12R2AN—A LD R ARG AR5 K T2,

Lemma 5.10 (Lemma 5.10 (Original)). Let S be a set of vectors.
1. If m(S) =1 and |S| > 1, then |S| > 4.

2. If m(S) =0 and |S| <5, then S is of the form

{$7y7x+y}> {xayazax—’_y—’_z}a {x7yaz>wax+y+z+w}a or {x,y,z,x—i—y,x-i—z}.u;x

Proof. 1. The smallest linear dependency is {z,y,z + y}.

2. Easy enumeration; note

{z,y,z,z+y,x+y+ 2}

is isomorphic to the last listed form.
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"V‘ ~ ]2 > . — ~ > v ~
LA remark. iIZXv9 R 533 B triangle, Cy. Cs. K 3 "E—3#7138 2425092 Lemma 5.9(2) ¥ AR —

R TASFTEM,

Final Transfer To Theorem 5.2 (Original). All sets in Lemma 5.10(2) correspond to graph
cases already controlled. For the extra exceptional case from Lemma 5.9(2), we also have
3
p
A —_——
G > 11—

Hence Claim 5 remains valid in the current setting, which yields Theorem 5.2.

23 remark. Section 5 BobWOHK: ik 2 AT 2 EARAE] 27 04 BMRBUER, HFEHAMBE
LT AR B AR S AR b

6 Section 6 Notes

6.1 Discussion And Open Problems

Section Opening (Original). There are many intriguing generalizations of the problems dis-

cussed in this paper. The authors mention several of them and state conjectures.

Y
KA remark. i —F RAEZAKIEN, WAIETH AT ALY Bk F @A S

Cross-Triangle-Intersecting Families (Original). Many intersecting-family theorems admit
cross-intersecting analogues. Two families of graphs, F and G, are cross-triangle-intersecting if for
any

FeF, Geg,

the intersection F' N G contains a triangle.
-

y o e e e e .
LA remark. iIX2de “RBl—FENAMmAAR A “AANKaZ R HHIER,

Conjecture 6.1 (Conjecture 1 (Original)). Let F and G be cross-triangle-intersecting fam-

ilies of graphs on the same n vertices. Then

Equality holds if and only if F = G is a Aumuvirate.

oy . . L
L2 remark. iX % 5% B KA cross BRARBAESEM, M LT AT E LD,

Spectral Obstacle For The Cross Case (Original). The standard Hoffman-style extension
from intersecting to cross-intersecting requires one extra spectral condition:
the minimal eigenvalue )\,;, must be the second largest in absolute value.

For the current tailored OCC spectrum this fails, because 3-forests have eigenvalue

a1
224~ T
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The authors suggest that using more gr coordinates may recover the needed property, but the

calculations are expected to be substantially harder.

EX remark. e, (RHMBEAR) © cross 47 E CHIERMY, AR ATEFE — £ I M.

The Regime p > 1/2 (Original). The preliminary OCC ansatz
A = (*1)|G‘ ZciQi(G)
i>0
worked at p = 1/2 because the upper and lower bounds on 4¢3 + ¢4 imposed by 4-forests and K
coincided. For p > 1/2, these bounds contradict each other, so a more sophisticated construction is
required. The paper sees no theoretical barrier to a spectral proof for all p < 3/4, and conjectures
Theorem 1.4 should hold on that whole range. It also asks why the theorem fails for p > 3/4 (hint:

Mantel’s theorem).
oy

3 remark. X —BBHET Fikki b RABMART, MY AFILIE R,

Other Intersecting Families (Original). Odd-cycle-intersecting is a special case of G-intersecting

for a graph family G.
Definition 6.1 (Definition 6.1 (m(G), Original)). For a family G of graphs, define
m(G) = sup {max u(F) : F is a G-intersecting family of graphs on n vertices} .

For a fized graph G, abbreviate m({G}) to m(G). Similarly, write m,(G) under skew product

measure with parameter p. )

oy L , L . , ,
KA remark. iITA-E X AeEAF LM PG — i — A BRI AREA £ .

Sample Facts And Questions (Original).

o Alon observed that for every star forest G, m(G) = 1/2. He further conjectured existence of
e > 0 such that for every non-star-forest G, m(G) < 1/2 — ¢, and noted it suffices to prove
this for Ps (the 3-edge path). The simple guess m(Ps) = 1/8 is false: Christofides constructed

a Ps-intersecting family on six vertices with measure 17/128 > 1/8.

e Let G be the family of non-k-colorable graphs. An obvious conjecture generalizing the main

theorem is

2k —1
2k 7
with equality only for K} ;-umvirates. The authors suggest small &k cases (especially p = 1/2)

my(G) = pU'+) for all p <

may be approachable by their methods.

e A further conjectural direction is that Aumvirates may remain extremal even for cycle-
intersecting families (not only odd-cycle-intersecting), at least when p < 1/2. At p = 1/2

this is already delicate: there is a neck-to-neck race with the family of all graphs having at

1/n
- 1

46

least



edges. Moreover, the non-uniform-hypergraph analogue is false: in linear-dependency-intersecting
families of subsets of Z% \ {0} one can construct measure 1/2 — o(1) examples, e.g. all sets of

vectors with cardinality at least

n+1
on—ly =~
+ 2

N

LA remark. i LAY KAIE T A MR E, BIELHTRET., EAEELEE EI.

A Non-Graph Structure Example (Original). For B C Z,, call a family F of subsets of
Z,, B-translate-intersecting if intersections of any two sets in F contain a translate of B. The

conjectured bound is
|F| < 2n 1Bl

It is known for interval B; Russell gave an algebraic proof. Firedi-Griggs—Holzman—Kleitman
proved the case |B| = 3. Griggs—Walker proved that for each fixed B, the conjecture holds for

infinitely many n. For most configurations B, the all-n question remains open.
sy

L2 remark. X VLAVEE T ERE T R0 “HHAL ©X, TAHRERQER,

Connection To Entropy? (Original). The constructed OCC spectrum can be written as

ZCBABa ZCB =1,
B B

but this is not a convex combination, since some cg are negative. If one restricts to non-negative
coefficients, the method cannot improve the bound 1/4. The authors wonder whether this relates
to the entropy bound 1/4, given superficial similarities to the entropy-based approach in [4].

B remark. Section 6 BoDWodk: a2 & & three fronts: cross ik, p>1/2 RiaL
F— M m R ARGEAET TROE R AL 1/4 FrlEag i,
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