Generic properties of Steklov eigenfunctions on graphs

Kun Yang*

Abstract

Weak unique continuation fails for the discrete Steklov problem. For generic positive edge
weights, every nonconstant eigenfunction is injective on the boundary, and its harmonic exten-
sion is injective on the B-core. The extension is then a vertex Morse function on the core in the
sense of Knill, and the index sum equals x(G?). If the support graph of S is a path, a generic
eigenfunction belonging to A; has j + 1 local extrema; if it is a cycle, the count is 2[;j/2]; if
it is a tree, the local extrema of \; are the leaves. If every interior component meets B in at
most two vertices, a generic eigenfunction belonging to a positive eigenvalue has as many nodal
domains on V" as on Gg.

1 Introduction

Generic properties of eigenfunctions go back to Uhlenbeck [2]. On a compact Riemannian manifold
with boundary, Wang [1] proved that, for a generic conformal class, Steklov eigenfunctions are Morse
on the boundary: the differential is transverse to the zero section of 7*(0M). The argument uses
weak unique continuation and a density lemma for the first variation of the Dirichlet-to-Neumann
map.

The discrete Steklov problem on a finite graph, with a designated boundary B C V', was studied
by Hua—Huang-Wang [3]. Chen—Hua—Shi [4] established that, for generic positive edge weights,
every Steklov eigenvalue is simple and every eigenfunction is nowhere zero on B. Simplicity and
nonvanishing do not yield injectivity: the constant eigenfunction belonging to Ao = 0 takes the
same value at every boundary vertex whenever |B| > 2. Weak unique continuation likewise fails,
since a singleton is open in the discrete topology. Wang’s density lemma therefore does not transfer.
The proofs below use resultants of characteristic polynomials and inductive constructions on trees.

For generic weights, every nonconstant eigenfunction is injective on B. The same compression
excludes o' f = 0 whenever o € CP is not parallel to 1, for any finite C' C R; in particular
2f(i) # f(5), F(A)+ f(§) # 0, and 2f(j) # f(i)+ f(k). A vertex or edge lies in the B-core G? when
it belongs to a simple path with both endpoints in B. Interior leaves and hanging blocks lie outside
GPB, and the extension is constant on each such block for every w > 0. On GP the extension is
injective and nowhere zero, hence a vertex Morse function in the sense of Knill [g], and

Z Zu(v) = X(GB)'

veV (GB)

If G admits a spanning tree whose leaves all lie in B, then GB = G. The converse fails on Cy with
B a pair of opposite vertices.

Closed stars in G[B] and in Gg lie in B, so injectivity on B yields vertex Morse on both. If Gg
is a path, the spectrum is simple for every w > 0, and a generic eigenfunction for A; has j 4 1 local
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extrema. If Gg is a cycle, the count is 2[j/2]. If Gg is a tree, the local extrema of A\; are exactly
the leaves. If every interior component meets B in at most two vertices, then for every positive
eigenvalue the number of nodal domains of the harmonic extension on V equals the number of
nodal domains of f on Gg; in particular A1 has two.

The discrete Steklov problem is recalled next, and vertex Morse functions in Subsection @
Section P states the main results. Section E collects first variation formulae and the Chen—Hua—Shi
input. The remaining statements are proved in Section H.

1.1 The discrete Steklov problem

Let G = (V, E) be a finite simple undirected graph, and let B C V' be a nonempty subset, referred
to as the boundary. The complement B¢ = V'\ B is the interior. A positive edge weight is a function
w: E — R,. Functions on G are identified with vectors in RY. If G is disconnected, the Steklov
problem decomposes over those connected components that meet B; components disjoint from B
do not contribute. Henceforth G is assumed connected.

Definition 1.1. For u € RY, the weighted graph Laplacian is
(Au)(z)= Y wzy)(u(@) —uly), sV
{zytek
The associated Laplace matriz L has entries
ZZN;EU)(.T, Z)7 y=ux,
ny: —’UJ(.’IZ',y), {xay} EE:
0, otherwise.

The matrix L is symmetric and diagonally dominant. On the boundary the same weighted
differences are written as an outward normal derivative,

@pu)(@) = Y wlz,y)(u(@) —uly), =B
{zy}eF

Partitioning L according to V = B¢ Ul B yields

L= < Lip L[BaB}) '

Lippg  Lip

Definition 1.2. A pair (\,u) € R x RV \ {0} is a Steklov eigenpair if

(Au)(z) =0, x € B¢,

(Opu)(x) = Au(z), =€ B.

Lemma 1.3. If G is connected and B # (), then Lipe) is positive definite, hence invertible. If
B¢ =0, the block is the 0 x 0 matriz, with determinant 1.

(1.1)

Proof. If B¢ = (), the determinant is 1 by convention. Now assume B¢ # (). For z € RP°, extend z
by zero on B to obtain # € RY. Then

o Lipgr=3"Li= Y w(a,b)(i(a) - z(b))".
{a,b}€FE

If the left-hand side vanishes, then T is constant along every edge. Connectedness of G forces T to
be constant on V. The condition Z|p = 0 then yields £ = 0. Thus the quadratic form is positive
definite. ]



Definition 1.4. For f € RE, the harmonic extension hy e RY is the unique solution of the discrete
Dirichlet problem

(Ahf)(@) =0, =€ B, "
hy(x) = f(x), x€ B. '
Equivalently, Lige)(hy)pe + Lige pjf = 0. By Lemma ,
(hy)pe = —L[_Blc] o5/ (1.3)
The map f + hy is linear, and h1, = 1y.
Definition 1.5. The Dirichlet-to-Neumann operator is the linear map
Ay i RE - RB, f = Ouhy, (1.4)
where hy is the harmonic extension of f. Pointwise,
(Awf)(@) = > wlx,y)(he(x) - hsly)), x€B (1.5)
{z,y}eF
Splitting the neighbours of x according to whether they lie in B or in B¢ gives
(Auf)@) = > wlay)(f@) = fW)+ D wx2)(f(@)—hs(2)). (1.6)
yeB zeB°
{$7y}€E {:E,Z}GE
In matrix form, d,hy = L) f + L(p ge)(hs)pe. Substituting (B) yields
Awf=Sf, S =L — L[BVBC]L[*B&]L[BC,B]. (1.7)

The matrix S is the Steklov matriz, the Schur complement of L(g¢ in L. By Cramer’s rule,

g — L[B] det L[Bc] — L[B,BC} adj(L[Bc]) L[BC7B}
N det L[Bc] ’

so each entry of S is a rational function of the edge weights, with denominator det L{pc]. The latter
is strictly positive for w > 0 by Lemma [1.3.
The Steklov problem ([L.1) is equivalent to the eigenvalue problem

Awf=Af,  f=ulp#0, (1.8)
with w = hy. If B¢ =), then hy = f and A,, coincides with the graph Laplacian.

For distinct boundary vertices x,y € B,

Sy =wley) + 3 wlw,2) (L) wlt,y). (1.9)
z,teB¢

For an interior vertex z € B¢, (@) gives

hy(z) = e, (hy)pe = —elLfBlc]L[Bc,B]f-



Since L is symmetric, Lip pe) = Lf;c B and therefore

hy(w) = (~Lip.po Liggea) =Dl 1,

where
Pr = —L[B,BC]L[_Blc]eoc S RE.
Thus, for every x € B¢,
hy(x) =p, f. (1.10)

The y-component of p, is the value at x of the harmonic extension of J,. Since the harmonic
extension of 1 is 1, one has lgpz =1.

Lemma 1.6 (Proposition 2.1, [3]). For every f € RP,
T T 2
FTSf=hjLhy= " wlx,y)(he(z) = hs(y))” >0, (1.11)
{z,y}eF

Proposition 1.7 (Propositions 2.1 and 3.2, [B]). The matriz S is real symmetric and positive
semidefinite. If G is connected, then ker S = span{1} and

spec(S) = {0 =X << < )\|B‘,1}.
Every eigenfunction belonging to a nonzero eigenvalue satisfies . . f(x) = 0.

Lemma 1.8 (Proposition 2.7, 4]). For x # y € B, one has —Sgy > 0 if and only if there exists a
path in G from x to y whose intermediate vertices all lie in B€.

Definition 1.9. The support graph Gg has vertex set B and an edge between distinct z,y € B if
and only if S;, # 0. Equivalently, by Lemma @, {z,y} is an edge of G or there is a path from x
to y with all intermediate vertices in B€. As a combinatorial graph, Gg depends only on (G, B).

On a manifold, Wang’s weak unique continuation would imply that a Steklov eigenfunction
vanishing at a single boundary vertex vanishes identically, since a singleton is open. This fails.

Example 1.1. Let G be the path vi—vy—vs with B =V and w = 1. Then Steklov eigenvalues
coincide with Laplacian eigenvalues, and

The eigenvectors (1,1,1), (1,0, —1) and (1,—2,1) belong to the eigenvalues 0, 1 and 3 respectively.
The second eigenvector vanishes at vy but is not identically zero.

Definition 1.10. Let G be connected and B C V nonempty. A vertex or an edge belongs to the
B-core GP if it lies on some simple path with both endpoints in B. The B-core is viewed as a
subgraph of G.

Interior leaves and hanging blocks—including those attached at an interior vertex, Figure EFlie
outside GB.



1.2 Vertex Morse functions

A graph has no cotangent bundle, so Morse in the sense of Wang [1] is unavailable. Following
Knill [8], a function on vertices is vertex Morse when it is injective on every closed star. The
closed star is the combinatorial neighbourhood of a vertex; injectivity there makes every local
extremum strict. An earlier index on links of polyhedra appears in Banchoff [9]. Forman’s pairing
of simplices [[10] fails generically and is not used: on the 1-skeleton it requires |1k~ (v)| < 1 at every
vertex, which a strict local maximum of degree at least two already violates.

The index uses the Euler characteristic of the clique complex; the empty graph has no cliques,
so x(#) = 0. The characteristic polynomial of S is written pg(A, w) = det(S(w) — ).

Definition 1.11. Let H be a finite simple graph, and let ¢x(H) be the number of subgraphs of H
isomorphic to Kj, for k > 1. The FEuler characteristic of the clique complex of H is

X(H) =Y (=1)* ey (H).
k>1
In particular a graph consisting of isolated vertices has characteristic equal to its number of vertices,
and a triangle-free graph satisfies x(H) = |V(H)| — |E(H)].

Definition 1.12. Let G = (V, E) be a finite simple graph and f : V" — R. The link lk(v) of a
vertex v is the induced subgraph on the neighbours of v. The closed star is the induced subgraph
on {v} UV (Ik(v)). The function f is a vertex Morse function if it is injective on every closed star.
The descending link

k™ (v) ={w~v: f(w) < f(v)}

is likewise viewed as an induced subgraph. The indez is

ip(v) =1 — x (k™ (v)).
A vertex v is a critical point of f if x(Ik™(v)) # 1. At a local minimum the descending link is
empty and iy = 1. A saddle may be critical in this sense without being a local extremum.

Definition 1.13. Let H = (Vy, Ex) be a finite undirected graph and f : Vg — R. A vertex
x € Vp is a local maximum of f on H if f(x) > f(y) for every neighbour y of x in H, and a
strict local mazimum if every such inequality is strict. A local minimum and a strict local minimum
reverse the inequalities. Local maxima and local minima are collectively called local extrema.

If 2 € B, harmonicity reads >, _, w(z,y)(u(z) — u(y)) = 0. For w > 0 this forbids a strict

local extremum at x: all summands would have the same sign. Platforms occur only outside GZ:
an interior vertex of degree one, or more generally a hanging block, takes the value of its unique
vertex of attachment. Every interior vertex of GP has degree at least two, Lemma {.13(iii).

2 Main results

A property of (G, B,w) is said to hold for generic positive edge weights if the exceptional set is
contained in a finite union of zero sets of functions that are not identically zero. Each such function

is either a polynomial on RIZ! or real analytic on the connected open set R‘f'. A non identically
vanishing polynomial has measure-zero zero set with empty interior in R|E|, Theorem ; the
same holds for a non identically vanishing real-analytic function on le‘.

The following two assertions are due to Chen-Hua-Shi [4]. They will be used as input. The

pendant attachment from their inductive construction is recorded in Subsection B.2, as it is reused
below.



Theorem 2.1 (Theorem 1.1, [4]). Let G = (V, E) be a finite connected graph and let B C V be

nonempty. For generic w € R'f‘,

(1) every Steklov eigenvalue is simple;
(2) every Steklov eigenfunction is nowhere zero on B.

The constant eigenfunction belonging to Ag = 0 takes the same value at every boundary vertex
whenever |B| > 2, so Theorem P.1/(2) does not give injectivity on B.

Theorem 2.2. Let G = (V, E) be a finite connected graph and let B C 'V be nonempty. For generic
|E]|
we R,

(1) every nonconstant Steklov eigenfunction is injective on B;

(2) the harmonic extension of every nonconstant Steklov eigenfunction is injective on V(GP) and
vanishes at no vertex of V.. On each connected component of G — V(GP) the estension is
constant, equal to its value at the unique vertex of attachment.

If |B| = 1, the only eigenfunctions are constants, so (1) is empty. The proofs assume |B| > 2.
If G admits a spanning tree whose leaves all lie in B, then G? = G, and (2) is injectivity on V.

Theorem 2.3. Let C C R be finite. For generic w € R‘f', every eigenfunction f belonging to a
positive Steklov eigenvalue satisfies o' f # 0 whenever o € CB is not parallel to 1. In particular,
taking C = {-2,-1,0,1, 2},

(i) 2f(i) # f(j) for all i # j € B;
(i) if |B| > 3, then f(i) + f(j) # 0 for all i # j; together with Theorem @(1), the values of |f|

on B are pairwise distinct;
(iii) if |B| >4, then 2f(j) # f(i) + f(k) for all pairwise distinct i, j, k € B.

If | B| = 2, the condition f(i)+f(j) = 0is the relation f L 1. If | B| = 3, a three-term progression
forces a coordinate to vanish. Doubling remains an extra condition: (1,2, —3) is orthogonal to 1,
nowhere zero, and injective.

On a cycle of length at least 4, assertion (iii) at consecutive vertices is the discrete second
difference. Vertex Morse on G[B] follows from injectivity on B, since closed stars in G[B] lie in
B. The second difference at a strict local extremum is then automatically nonzero; (iii) concerns
all triples. The same three-term condition does not extend to arbitrary triples in G®: on an
equally weighted two-pole path the second difference of the extension vanishes by the resistance
interpolation.

Vertex Morse on G requires injectivity on closed stars in (, which may meet B¢. Interior
leaves and hanging blocks are constant for every w > 0. These are precisely the pieces outside GP,
Figure [l|.

Theorem 2.4. For generic w € R‘f', the harmonic extension u of every nonconstant Steklov
eigenfunction is a vertex Morse function on GB, and

veV(GB)



(a) (b)

Figure 1: Open vertices lie in B, filled vertices in B°. Neither graph equals its B-core. (a) An
interior leaf. (b) A triangle hanging at an interior vertex of a B—B path. Naive pruning—delete
interior degree-one vertices, then delete blocks that meet B in a single vertex—does not remove
the triangle in (b). Those two filled vertices still lie on no simple B-B path, hence lie outside GB.

Injectivity on V (GP) implies vertex Morse on GP, since every closed star of GP lies in V(GP).
Vertex Morse on GP does not imply injectivity on B: vertex Morse only controls closed stars. On
the path xg—x1—z2—x3 the function (1,2, 3, 1) is vertex Morse, yet f(z9) = f(z3). Theorem @(2)
gives injectivity on V(GP). Injectivity on B does not control two neighbours of an interior vertex.
On Cy with B a pair of opposite vertices one has G® = G, yet every spanning tree has a leaf outside
B; see Remark .

Write N(C) for the set of neighbours in B of a connected component C' of G[B¢|. The graph
Gy is obtained from G[B] by adding a clique on each N(C'), Figure E
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Figure 2: Open vertices lie in B, filled vertices in B¢. (a) The graph G, with five interior
components: N(C1) = {xo,z2}, N(C2) = {z1,23,24}, N(C3) = {wo, x4}, N(Cy4) = {21}, and
N(C5) = {x2,24}. (b) The induced graph G[B] is the path x¢---z4. (c) The support graph Gg: a
clique is added on each N(C'). Dashed arcs are the clique edges not already in G[B]; Cy4 contributes
none, and {3, x4} C N(Cy) is already an edge of the path.

Proposition 2.5. Local extrema of a nonconstant Steklov eigenfunction f on Gg are local extrema
of f on G[B], for every w > 0. For generic w, f is injective on B; if Gg is complete, then f has



exactly two local extrema on Gg, the global maximum and the global minimum. If G|B] is complete,
then so is Gg, and the same two vertices are the extrema on both graphs.

Theorem 2.6. For generic w € ]R'f‘, every nonconstant Steklov eigenfunction is vertex Morse on

G[B] and on Gg. The index iy below is computed on Gg, and
> if(v) = x(Gs).
veEDB
Moreover:
(1) If Gg is a path and |B| > 2, then for every w > 0 the Steklov spectrum is simple. For generic

w, an eigenfunction belonging to \j, j > 1, has exactly j + 1 local extrema on Gg, including
both endpoints. In particular it is strictly monotone for j = 1.

(2) If Gs is a cycle and |B| > 3, an eigenfunction belonging to A;, j > 1, has exactly 2[j /2] local
extrema on Gg. In particular A1 has exactly two.

(3) If Gg is a tree and |B| > 2, then for generic w an eigenfunction belonging to \1 has a unique
sign-changing edge e*; on each component of Gg — e* the values are strictly monotone away
from e*, and the local extrema on Gg are exactly the leaves.

Theorem 2.7. Suppose every connected component C of G|B€] satisfies |N(C)| < 2. For generic

w € R'El, and for every positive Steklov eigenvalue, the number of nodal domains of the harmonic
extension u on V' equals the number of nodal domains of f = u|p on Gg. In particular \y has
ezactly two nodal domains on 'V and on V(GP).

The same count for \; holds on a star with interior hub, Theorem , without the two-pole
hypothesis. Under the two-pole hypothesis, local extrema of A; on GP match those of f on Gg,
Corollary . For generic w the extension is nonconstant along every edge of G?, Theorem .

The exceptional set of each assertion above has empty interior in Rf .

3 Preliminaries

3.1 First variation formulae

The space of positive edge weights is the open set R'E‘, whose tangent space may be identified with
R¥. Fix f € RP and a tangent vector h € R”. For all sufficiently small ¢, the weights w(e) = w+eh
remain positive, Lige(w(e)) remains invertible, and the harmonic extension u(e) of f with respect
to w(e) exists. Write v = 0-ulz—0.
Varying a single edge {a,b} changes the Laplacian only at the two endpoints:
u(@) - ub), = =a,
((OapA)u)(z) = { u(d) —u(a), = =0, (3.1)

0, otherwise.
In matrix form, JuL = (eq — ep)(eq — €p) . For a general tangent vector, d,L = E{mb} hap (OapL).

Lemma 3.1. Fiz f € RB. Let w(e) = w + eh, let u(e) be the corresponding harmonic extension,
and set v = Ozu|e—0. Then v|p =0 and

L[BC]UBC = _<8hL[BC])'UJBC — (8hL[BC,B])f'
Equivalently, Av + (0pbA)u = 0 on the interior.



Proof. For every x € B and all sufficiently small €, one has u(e)(z) = f(z). Differentiating in € at
e = 0 yields v|gp = 0. Interior harmonicity reads

Lipej(w(e)) upe(e) + Lige pj(w(e)) f = 0.
Differentiating in € and using that f is independent of € gives the stated equation. O

Lemma 3.2.

(D) (W) f)(2) = (Bv)(@) + Y hay(u(z) —uly)), =z €B. (3-2)

Yy~

Proof. For z € B,
(Au f) (@) = w(e)ay (ule) (@) — u(e)(y))-

Yy~

Differentiating the product on each edge and evaluating at € = 0 yields

0| o (M) f) (@) = Y hay (ul(@) = uly)) + D way (v(z) = v(y)).

g~z Yy~
Lemma @ gives v(z) = 0, so the second sum equals (9,v)(x). O

Differentiating the Schur complement (@) directly produces the same formula. Since S is a
rational function of w and is regular for w > 0, the map w +— S(w) is smooth on R‘f'.

Lemma 3.3. If {a,b} C B¢, then
DS = (pa - pb)(pa - Pb)T,

and therefore ((DuA) () f) = (u(a) — u(®)) (pa — py)-

Proof. The edge {a, b} appears only in the interior block, so OupLipe) = (€a — €)(€a — ep) | and the
remaining blocks are stationary. Differentiating the inverse via (A7) = —A~1(9A)A~! gives

DaS = Lip peiLipe(€a — e)(ea — &) Lige Lipe sy = (pa = po) (pa — o)
where the last step uses L, BC]L[_BlC] ew = —py. Applying the resulting rank-one matrix to f and
invoking () yields the second identity. O

Lemma 3.4. If {z,y} C B, thenv =0 and
D.yS = (e — ey)(ex — ey)T,

so that (Duh)(0r)f) = (f(x) = fu))ex — ¢y).

Proof. The edge {z,y} appears only in L. Lemma @ therefore gives Ligejvpe = 0, hence v = 0.
Differentiating S leaves only 0pyLip) = (€2 — €y)(ex — €y) . O
Lemma 3.5. Ifx € B, z € B® and {x,z} € E, then

szS = (6$ _pz)(e;r - pz)T

and therefore ((DywA)(9:2)f) = (f(2) — u(z))(es — p2).

)
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Proof. The relevant block derivatives are

aach[B] = 6;176;7 83ch[BC] = eze;ry 8;IJZL[B,BC} = _exez-
Differentiating S = Lp) — L[B7BC]L[_EC]L[BC’B} and using p, = —L[B7BC]L[_B}C]ez together with sym-
metry of L[_Blc] produces four terms which combine as
exel - ea:pzT - pzel + pzp,;r = (ez - pz)(ex - pz)T-
The identity u(z) = p, f from () gives the second statement. O
Assign to each vertex a vector in R? by
ey, VE B,
Yv) =14 " . (3.3)
Py, U E B

Then 174 (v) = 1 for every v, so ¢(a) —¢(b) L 1. The harmonic extension satisfies u(v) = ¥(v) " f.

Lemma 3.6. For every edge {a,b} € E,

T

DgyS = (¥(a) — 9(b)) (¥ (a) — (b))

and

((DwA)(Oap) f) = (ula) — u(b)) (¥(a) — ¥(b)).

Proof. The three possible locations of the endpoints {a,b} are covered by Lemmas @, @ and @
respectively. In each case u(v) = ¢(v) " f, which identifies the two displayed formulae. O

Lemma 3.7. Let A be a simple eigenvalue of S, with unit eigenvector f and harmonic extension

u. Then, for every edge {a,b},
O\

Owgy,

— (u(a) — u(b))>.

In particular, increasing any single edge weight cannot decrease A\. Moreover S is homogeneous of
degree one in the edge weights, and

Z wab((;?u)\ = Z wap (u(a) — u(b))2 =u' Lu=M\

{a,b}cE ab  abeE

Proof. Let w(e) vary along a line and write S(g) for the corresponding Steklov matrix. Since A is
simple and S(g) is real symmetric and analytic in ¢, there exist differentiable branches A(e) and
f(e) with S(g)f(e) = AMe)f(e) and f(¢)" f(¢) = 1. Differentiating at ¢ = 0 and left-multiplying by
[T yields OA = f7(9S)f. Taking the variation along a single edge and applying Lemma gives

2

FT(DapS) f = (u(a) —u(b))”.

If all edge weights are scaled by ¢ > 0, then S(tw) = tS(w), so A(tw) = tA\(w). Differentiating at
t = 1 produces the Euler identity. The last equality is Lemma [1.6. O
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3.2 Generic simplicity and nonvanishing

The following analytic and algebraic facts are standard. Statements @«@ will be used below.
Lemmas @ are taken from Chen-Hua-Shi [4].

Theorem 3.8 (Theorem 2.1, [B]). Let A(p) be a real symmetric matriz whose entries depend
analytically on a parameter p. If X is a simple eigenvalue of A(p*) with eigenvector x, then there
exist analytic branches \(p) and z(p) near p* such that A(p)z(p) = A(p)z(p), with \(p*) = X\ and
z(p*) =x.

Theorem 3.9. Let A = (fr z> be an (n+ 1) x (n + 1) Hermitian matriz, with B of size n.

Then
AM(A) S AM(B) € A2(A4) < -+ < M(B) < At (4).
Equality \i(A) = X\i(B) holds if and only if there exists an eigenvector z of B belonging to that

eigenvalue with y'z = 0; in that case (27,0)" is an eigenvector of A.

Proposition 3.10 (Proposition 2.5, [4]). A Hermitian matriz A admits an eigenvector with a
vanishing coordinate if and only if A shares an eigenvalue with some principal submatriz of size
n—1.

Theorem 3.11 (2.6.5, [6]). The zero set of a non identically vanishing polynomial P : R™ — R
has Lebesgue measure zero and Hausdorff dimension at most n — 1.

Lemma 3.12 (Proposition 2.9 and Corollary 2.11, [4]). Let P be a path whose boundary Bp consists
of the two endpoints, and set o = (Zeepw(e)*l)fl. For every positive edge weight, the Steklov

matriz is
1 -1
S =« <_1 1 ) )

The spectrum is {0,2a}, hence simple. A nonconstant eigenfunction takes the boundary values
(¢, —c) with ¢ # 0, and is therefore nowhere zero on Bp. Along the path x,...,x,, the harmonic
extension is the affine interpolation

Sl wa, ) !
h(z;) = h(zo) + 05 (h(xm) — h(z0)), 0, == €(0,1). 34
( ]) ( 0) J( ( ) ( 0)) J thl w(xt—lymt)_l ( ) ( )
If h(zo) # h(zp), an interior value vanishes if and only if some 0; equals h(zo)/(h(zo) — h(zm)).
The matriz S depends on the path only through > w(e)~t. Keeping this sum fized and varying
the summands avoids any finite set of exceptional ratios, so the weights may be chosen so that h
vanishes at no interior vertex.

Lemma 3.13 (Proposition 2.9, [4]). Let v be an interior vertex with exactly two neighbours ui, us,
and assume {uy,uz2} ¢ E. Replacing the path ui—v—ug by a single edge of weight

w(u, v)w(v, ug)
w(ug,v) + w(v, ug)

w'(uy, ug) =

does not change the Steklov matrix.
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Lemma 3.14 (Lemma 2.12, [4]). Let S be the Steklov matriz of (G, B,w). Attach a pendant edge
of weight T > 0 at a vertex u, and include the new leaf b in the boundary. The new Steklov matrix

18
T _
S 0 Yy Euy Cu ’ we B,
. 00 —e) 1
S = (3.5)

S 0 u—r “Fu
4 T Pupy p . we B
0 0 IL+ra\-p, 1

1€u (with e, viewed as a basis vector of RIB 4n

-1
[B]

the second case). Moreover 1Lp, = 1.

where a = e, L 2oeq > 0 and p, = —Lip gL

~1
(B¢

Throughout the remainder of the paper the following notation will be used. After attaching a
pendant edge as in Lemma B.14|, write

S(r) = So + k(r) M(v),  So— <SOP 8) . M) = (“”TT _1”> , (3.6)

—v
where Sp is the Steklov matrix of the original graph, v =¢, and Kk =7 ifA u € B, while v = p,, and
k=71/(1+7a)if u € B In both cases 1Tv =1and M(v)1,11 =0, 50 S(7)1,,41 =0. As 7 — 0F
one has k — 0, hence S(7) — Sp. If ker Sp = span{1,}, then

ker Sp = span{ (1()”) ’ <O1n> }

and the remaining eigenvalues of Sy are the positive eigenvalues of Sp. Restricting to 1# 1 therefore
makes the eigenvalue 0 of Sy simple, with

ker So N1, = span{(—lz, n)T}

Lemma 3.15. In the notation of (@), suppose §(T) r = \v withx = (2}, )" and x, = 0. Then
viap =0 and Sprp = \xp. If u € B this forces xp(u) =0; if u € B¢ the old harmonic extension

vanishes at u.

Proof. The identity (@) expands as

Sprp + n(vTxp — p)v = Az p,

k(zy — v zp) = Ay

Substituting z; = 0 yields vizp=0and Spxp = Axp. Then v =e¢, or v = py according as u € B
or u € B°. ]

The proofs of Theorems @ and @ follow a common pattern. One first constructs positive
weights on a spanning tree for which the relevant discriminant polynomial is nonzero, then sets the
weights of all non-tree edges to zero. The resulting point of RIZ! is not a pole of the discriminant,
since the interior block of the tree remains invertible, and the polynomial of the original graph does
not vanish there, hence is not identically zero.

If a leaf of the spanning tree 1" does not lie in B, harmonicity forces that leaf to take the same
value as its unique neighbour. Deleting the leaf does not change the Steklov matrix, since the
corresponding pendant weight does not appear in S. The discriminant polynomials of GG therefore
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coincide with those of the pruned graph as functions of the remaining weights, and it may be
assumed that every leaf of T lies in B.

Theorem is 4, Theorem 1.1]. The inductive construction on a spanning tree, via Lem-
mas and (@), is reused below; the argument is not repeated.

Write ps(, w) = det(S(w) — AI). Set

. Ps(w
Discrs(w) = Res(pS( ,w), Ozps (- 7w)) = L)N
(det L[Bc])
Then Discrg(w) = 0 if and only if the spectrum is not simple. For each i € B, let p; be the
characteristic polynomial of the principal submatrix of S obtained by deleting the i-th coordinate,
and set s

Discro(w) = Res (ps()\,w)a Hpi()\,w)) = %-

’iEB (det L[Bc])

Then Discro(w) = 0 if and only if some eigenvector vanishes at some boundary vertex. Theorem EI
asserts that neither Ps nor Py is identically zero.

Theorem 3.16. Let G be connected. For generic edge weights, the harmonic extension of every
nonconstant Steklov eigenfunction vanishes at no vertex of V.

Proof. By Theorem @(2), f(b) # 0 for every b € B. If B¢ = () there is nothing to prove.
On each connected component C of G — V(GP) there is a unique vertex of attachment xq, and

(Ah)|c =0, hlac = h(xo),

so hlc = h(zo). Thus it is enough that h(zx) # 0 for all z € V(GP).

Let T be a tree whose leaves all lie in B and |B| > 2. Let P"*(n) assert the existence of a
subtree T with |B(™| = n and a positive weight such that the spectrum is simple and H(z) # 0
for every z € V/(T™) and every nonconstant harmonic extension H.

If n =2, let P C T have endpoints in B. Lemma gives

S_a<_11 _11)7 f:(c,—c), c#0,

and (@) yields H(xj) # 0 after a perturbation of the weights. Thus P"*(2) holds.
Assume P*(n). Choose b € B\ B™ so that P, meets B only at its endpoints, and let
u=P,yN T Lemmas and contract P, to a pendant edge of weight 7 > 0:

xb(T)

S(r) = So+ A(1) M(v),  a(r) = <$P<7)> .
For i > 2, Theorem @ supplies
xp(O) =Ip, xb(O) = 0,

with zp(y) # 0 for all y € V(T™) by the inductive hypothesis. Continuity gives zp(7)(y) # 0
for small 7. Lemma @ yields that x4(7) = 0 would force zp(7)(u) = 0 or p xzp(r) = 0, a
contradiction. Hence x(7) # 0.
For ;\1,
ker So N1y, = span{(—l,TL, n)T},
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SO a unit eigenvector in 1+ satisfies

2(r) > <_1”> L e= m

Every coordinate of the limit is nonzero, hence z(7) has no zero coordinate for small 7. Values at
old interior vertices tend to —c # 0.

On Py, (@) gives H(z;) = 0 if and only if 6; = H(u)/(H (u) — H(b)) (when H(u) # H(D)).
Keeping > w™! = 1/7 fixed, the finitely many exceptional 6; € (0,1) may be avoided. This is
P(n+1).

Thus on any tree with leaves in B there is a positive weight at which every nonconstant extension
is nowhere zero.

Now fix € V(GP) N B¢. Take a path P through = with both endpoints in B. Attach each
remaining b € B along a path meeting the current tree at a single vertex. The resulting tree T
satisfies V(Ty) D B U {z} and has all leaves in B. The preceding construction supplies w, on Tk
with H(x) # 0 for every nonconstant extension. Let Ty be a spanning tree of G containing T, and
set

wy(e), e € E(Ty),
w®(e) ={ 1, e € E(Ty) \ E(T.),
g, (& ¢ E (T()).

Then S(w®)) — S(T,w,) and det Lipe (w®) > 0. For small € > 0, every nonconstant extension
satisfies u(x) # 0.

Fix z € B¢. By (), hy(z) = p, f. Let ps(A,w) = det(S(w) — AI) and

. . P (w
(A, w) = px(w)—r adj (S(w)—)\f) Pz (w), Discr,(w) = Res(ps( w), pig( ,w)) = 7( ) N
(det L[Bc])
If Sf = Af with X simple, then adj(S — M) = cyff for some cy # 0, hence

pz(A\) =0 <= pl f=0 < hs(z) = 0.

If some eigenvalue has multiplicity at least two, then adj(S — AI) = 0, so Discr,(w) = 0. The
constant eigenfunction satisfies p; 1 = 1, hence p,(0) # 0.

If x € V(GP), the open set just constructed shows P, # 0. If z ¢ V(G?), then h(z) = h(xo) at
the attachment, so {P, = 0} is contained in the corresponding zero set for xy. There are finitely
many vertices, and the union of zero sets has measure zero by Theorem . O

4 Proofs

4.1 Injectivity on the boundary

The constant eigenfunction is constant on B. Throughout the proof of Theorem @ only positive
eigenvalues are considered, and |B| > 2.

Lemma 4.1. A real symmetric matriz A admits an eigenvector f with f(i) = f(j) if and only if
A shares an eigenvalue with its compression to the hyperplane (e; — ej)L.
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Proof. Let g, = (e; — e;)/v/2 and let Q = (U, g,) be orthogonal, so that the columns of U span
(ei — €j)J‘. Then

f@)=F0G) <= @, f=0 <= (@ la=0.
Write A = QT AQ, so

Z:(% y), B=UTAU.
y a

The block B is a principal submatrix of A. By Proposition ,
gf: )\f with (]?)n =0 < A and B share an eigenvalue.
Since A is orthogonally similar to A, this is the claim. O

The constant vector lies in every hyperplane (e; — ej)L. On a connected graph it spans ker .S,
so 0 is always a common eigenvalue of S and of each compression. The corresponding resultant
would vanish identically if this eigenvalue were not removed.

Lemma 4.2. Assume that 0 is a simple eigenvalue of S with ker S = span{1}. Then S admits a
nonconstant eigenvector f with f(i) = f(j) if and only if S and the compression B;j = UZ-;SUU

share a nonzero eigenvalue, where the columns of U;; form an orthonormal basis of (e; — ej)l.

Proof. Let @ = (Usj, qn) be as in Lemma @, and write

§-QTSQ - @3? Z) . (4.1)

A vector f satisfies f(i) = f(j) if and only if f = U;;€ for some £ € R*~L. In that case

Sf=Uij(Bij&) + (¥ &) qn. (4.2)

If moreover B;;& = A, then Sf = Af + (y'&) qn.

Since 1 € (e; — ej)J-, one may write 1 = U;;&. Then B;j&1 = 0, so 0 is always a common
eigenvalue. If B;;{ = 0 and f = U;;§, then frsf = fTBi]f = 0, hence Sf = 0 by positive
semidefiniteness, so f € span{1}. Thus ker B;; = span{{;} and 0 remains simple for B;;.

By Lemma W4.1], S admits an eigenvector with equal i-th and j-th coordinates if and only if S
and B;; share an eigenvalue. The only common eigenvalue corresponding to a constant eigenvector
is 0. A nonconstant eigenvector with f(i) = f(j) therefore exists if and only if a positive common
eigenvalue exists.

In one direction, if Sf = Af with f(i) = f(j) and A > 0, then f = U;;¢ and B;;& = A
Conversely, if A > 0 is a common eigenvalue, Cauchy interlacing applied to (@) forces at least one
equality in the interlacing chain. The equality case of Theorem produces z with B;;z = Az and
y'2z=0,s0that f = Q(z",0)" is an eigenvector of S with f(i) = f(j) and A > 0. O

Write pg(A, w) = det(S(w) — AI) and ps = ps/A. Likewise set p;;(A, w) = det(B;j(w) — AI)/A,
and define

Discrinj(w) = HRes(ﬁS( S w), (-, w)). (4.3)
1<j
For each pair ¢ < j, the corresponding resultant vanishes if and only if S and B;; share a nonzero

eigenvalue. As before,
Piyj(w)

DiSCTinj (’UJ) = m,
(B<]
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and P,; # 0 is equivalent to generic injectivity of nonconstant eigenfunctions on B.
Let ST denote the inverse of the restriction of S to 1. For v € R? write © = n'1Tv. The
equation S¢ = v — 1 with ¢ L 1 has a unique solution, denoted ¢ = STv. Equivalently,

ST =(S+11T/n) " =117 /n.
The entries of ST are rational functions of the edge weights.

Lemma 4.3. Let T be a tree whose boundary B contains every leaf of T, with |B| =n > 2, and
let S be the corresponding Steklov matriz.

(a) If u € B and v = ey, then for almost every positive edge weight the function ¢ = STv takes
pairwise distinct values on B.

(b) If u € B€, then for almost every positive edge weight the vector p, is nonconstant and S*p,
takes pairwise distinct values on B.

Proof. Write ¢ = Stwv, so that S¢ = v — 91 and ¢ L 1. Let h be the harmonic extension of ¢.
Then (Lh)|p = v — 01 and (Lh)|ge = 0.

Any edge e = {a, b} of T splits T into subtrees 77 UT, with a € T} and b € T5. Since every leaf
lies in B, both 77 and T5 meet B, and |BNTy| € {1,...,n — 1}. Summing Lh over Tj, interior
edges cancel and the unique crossing edge contributes w(e)(h(a) — h(b)). The same sum equals

Ce 1= Z (vg — ),
zeT1NB
SO
w(e)(h(a) — h(b)) = ce. (4.4)
(The identity L1 = 0 implies that the corresponding sum over T equals —c,.)
For k #£1 € B, let k = xg,...,x, =l be the unique path. Summing (@) along the path yields

Ce;

ok) — o) =3

. (4.5)
= wie))
The set {¢(k) = ¢(1)} is the zero set of this rational function. It remains to show that the function
is not identically zero.

(a) Take v = e, with u € B. Then v = n~! and, writing m = |BN T}/,

m
Ce = 1{u€T1} - o

Since m/n € (0,1), the constant ¢, is nonzero whether or not v € T3, and is independent of the edge
weights. For any k # [, every edge of the path has c.; # 0. Fixing all but one of those weights, (@)
is a non identically vanishing rational function of the remaining weight. Thus ¢(k) — ¢(1) # 0.

(b) First, p, is not identically constant. By (), pu(z) = hs, (u) and 1T p, = 1. If p, = n'1,
take a leaf b € B with unique neighbour ¢ and incident weight 7. As 7 — 0%, the edge {b,t}
disappears from the Laplacian. The remaining tree, with boundary B\ {b} and vanishing boundary
values, has unique harmonic extension identically zero, so p,(b) — 0, contradicting p,(b) = 1/n.

Now fix k # | € B and write Fiy(w) = (e — €)' S(w)Tpu(w). Let e = {a,b} be an edge of
path(k, 1), splitting 7" into Ty U T; with k € T}, and [ € T;. Assume u € T;. Then

Ce = Z (pu(ac) - n_l) =0— m,

n
z€TLNB
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where m = |B N T}| and o is the value at w of the harmonic extension of 1pnr,. Fixing the
remaining weights and sending w(e) — 07, the Dirichlet problem on 7} tends to the problem with
vanishing boundary values, whose solution is identically zero. Thus ¢ — 0 and ¢, — —m/n # 0.
For sufficiently small w(e) one has |c.| > m/(2n).

A discrete harmonic function attains its maximum and minimum on the boundary. Conse-
quently 0 < p, <1, and |ces| < n for every other edge €’ of the path, uniformly in w(e). Therefore
Fu = —< +0(1)

as w(e) — 07, so |Fjy| — oo. In particular Fj; # 0.

Each Fy; is a rational function Py;/Qp;. The denominator arises from the two inversions Lk

[B]
and (S + 11T/n)_1. For w > 0 both determinants are strictly positive, so F}; has no poles on R‘fl
and Fy; = 0 if and only if Py; = 0. There are finitely many pairs k # [, so the union of the zero
sets has measure zero. O

The first positive eigenvalue of a pendant attachment cannot be analysed at order zero. The
limiting eigenvector is constant on the old boundary. The next lemma records the first-order
correction.

Lemma 4.4. The matriz S annihilates 1,41 for every K, and_may therefore be restricted to 1+,
On this hyperplane the eigenvalue 0 of Sy is simple. Theorem A supplies analytic branches \i(k)
and a unit eigenvector x(k) = (y(k), z(k)) with z > 0, satisfying \1 = kp, u(0) = (n+1)/n, and

y=—cl+kc(n+1)Shv + O(k?), z = nc+ O(rk?),

where ¢ = 1/\/n(n+1) and v = e, or v =p,. If SHv is injective on B") | then for all sufficiently
small K the vector y is injective and yy # z for every k.

Proof. Restriction to 1;-, | and the zeroth-order identification
y(0) = —c1, 2(0) = ne

follow from ker Sp N 15, = span{(—1,,n)" }. Analyticity gives A (k) = (k).
The eigenvalue equations are

Spy + k(v'y — 2)v = Ay, (4.6)

Kz —vy) = Az

Substitute y = —cl + kyY + O(k?) and z = nc 4+ k2 + O(xk?) into the orthogonality condition
z = —1"y. Comparing first-order terms yields z(!) = —1Ty(). Differentiating the unit-length
constraint y'y + 22 = 1 at & = 0 and substituting the same expansions gives 1Ty(!) = 0, hence
20 = 0. Thus z = nc + O(k?).

From (@), v’y = 2z(1 — p). Passing to the limit x — 0 and using 17v = 1 yields u(0) =
(n+1)/n. Substituting v’y — 2 = —uz into (4.6) and comparing first-order terms, using Spl = 0,
produces

SpyM =c(n+1)(v —n~'1).

The right-hand side is orthogonal to 1, hence lies in the range of Sp. Together with 1Ty =0
this uniquely determines y™") = ¢(n + 1)Shv.
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Consequently
yk —y = re(n + 1) ((SHo)r — (Spo)) + O(x).

If S;v is injective on B, the coefficient of k is nonzero for every k # [, so y is injective for small
k. Moreover z — yr, = (n 4+ 1)c + O(k) is nonzero for small k. O

Proof of Theorem @(1) By (@) and Lemma E,
Discripj(w) = i) N
(det L[Bc])

and Discriyj(w) = 0 if and only if Pyj(w) = 0 whenever w > 0. It suffices to show Pi,; # 0.
Let T = (V, E7) be a spanning tree, and let wp be a positive weight on T'. Define

« \_ Juwr(e), e€Er,
wile) = {0, e ¢ Ep.

Then L(G,w*) = L(T,wr), hence S(G,w*) = S(T,wr) and B;j(w*) = Bg;-(wT). In particular
Discripj(w®) = Discr;ﬂj (wr).

If Piz:j(wT) # 0, then Pyj(w*) # 0. Leaves of T' not in B may be deleted without changing S. Write
|B| = N.

Let P(n) assert the existence of a subtree T C T, a set B™ C B with |[B™)| = n, and a
positive weight w(™ on T such that Theorem holds, every nonconstant Steklov eigenfunction
of (T("), B, w(")) is injective on B(™ and every nonconstant harmonic extension is nowhere zero
on V(T™).

If n=2,let P C T be a path with both endpoints in B. Lemma gives

Sza(_ll _11), f=(e,—¢c), c¢#0,

so f is injective on the two-point boundary, and (@) gives a weight with no interior zero.
Assume P(n) for some 2 < n < N. Choose b € B\ B"™ so that the unique path P, in T from
b to T meets B only at its endpoints, and let u be the intersection with 7). Set

T Z 7 G p, B — B G ().
Lemma contracts P, to a single edge of weight 7 > 0, and Lemma yields
S(1) = 8o + w(r) M(v)

as in (@) The new positive eigenvalues are A < --- < A,.
For i > 2, Theorem supplies an analytic branch

_ (=p(7) _ _
x(r) = (513b(7')> , zp(0) =zp, x(0) =0,

where xp is a nonconstant eigenfunction of Sp. By the inductive hypothesis,

d:= min |zp(k)—zp(l)| >0, m = min |zp(k)| > 0.
k#le B(n) keB(™)
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Continuity of zp(7) yields 6; > 0 such that 0 < 7 < §; implies

d
27

lp ()| > =

‘xp(T)k—.Tp(T)l‘ > 5

As in Lemma , xp(7) = 0 would force the old eigenfunction zp(7) to vanish at u, contradicting
the inductive hypothesis for small 7. Thus z3(7) # 0. Since x(7) — 0, there exists d2 > 0 such
that 0 < 7 < d2 implies |zp(7)| < m/2, and therefore

lep(T)k — a(7)| = |zp(T)K| — |zo(7)] > 0.

Hence z(7) is injective on B+ whenever 0 < 7 < min(dy,d5).
For A1, the eigenvector at k = 0 is ¢(—1,},n) . Lemma .4 gives

y=—cl+kc(n+1)SpHv + O(k?), z = nc+ O(k?).

By Lemma @, the set of positive weights on T for which ¢ := Shv is injective on B(™ has full
measure. This set meets the nonempty open set on which Theorem holds and old eigenfunctions
remain injective. After such a perturbation of w(™,

d:== min |p(k)— ()| >0,
kAleB™M)

and there exist C < oo and k1 > 0 such that 0 < k¥ < k1 implies
lyk —wi| = ke(n+1)d — Cr* =k(c(n+1)d — Ck).
If moreover Ck < %c(n +1)d’, then yi # y;. Likewise
z—yr=(n+1)c+O(K),

so z # yy, for all sufficiently small x. Thus (y', z) is injective on B™+1),

Since k = 7 or k = 7/(1+Ta), one may choose 7 > 0 small enough that both the branches i > 2
and the branch A; are injective on B+ and nowhere zero on V(T'™). Restoring Py, by (@)
and avoiding finitely many exceptional ratios 6; keeps the extension nowhere zero on P,. Thus
P(n+ 1) holds. At n = N one obtains wy with PiZj(wT) # 0. O

Remark 4.5. The condition excluded by Theorem @(1) is (i) = f(j), equivalently o' f = 0 for
a = e; — ej. The same compression applies to any « not parallel to 1. Theorem records this
for o with coordinates in a finite set.

Lemma 4.6. Let o € RE be not parallel to 1, write H = a™, let the columns of U form an
orthonormal basis of H, and set B, = U SU.

(a) If ™1 # 0, then S admits a positive-eigenvalue eigenvector in H if and only if S and B,
share a positive eigenvalue. In this case 0 is not an eigenvalue of B, .

(b) If a'1 = 0, then 1 € H and 0 is always a common eigenvalue; S admits a nonconstant
etgenvector in H if and only if the two matrices share a further positive eigenvalue.
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Proof. Write |B| = n, set ¢ = a/||a|, and choose an orthogonal matrix ) = (U, ¢) whose remaining
columns span H. Then U'U =1I,, 1 and UU "+qq" = I,. Forany f € RPonehasa' f = ||a| ¢ f,
soa' f=0if and only if f = U¢ for E = U f.

Write S = Q' SQ in blocks as

S = (B? y) , y=U"S8q, a=q'Sq.
Yy oa
If f =U¢ and Boé = \E, then Sf = Af + (y'€) ¢, so Sf = \f forces y' € = 0.

First suppose a'1 # 0,s0 1 ¢ H. If Boé = 0 and f = UE, then f'Sf = 0, hence Sf = 0
by positive semidefiniteness. Connectedness gives ker S = span{1}, so f is constant, contradicting
1 ¢ H. Thus 0 is not an eigenvalue of B,. As in Lemma }.1, S admits an eigenvector in H if and
only if S and B, share an eigenvalue. That eigenvalue cannot be 0, hence is positive.

Conversely, if the two matrices share A > 0, Cauchy interlacing applied to the block decompo-
sition of S forces an equality in the interlacing chain. The equality case of Theorem produces
€ with Boé = M€ and y"¢€ = 0. Then f = U¢ satisfies Sf = A\f and f € H, and A\ > 0 prevents f
from being constant.

Now suppose @' 1 = 0. Then 1 = U¢; with & = U1, so Bo& = 0 and 0 is always a common
eigenvalue. If B,& = 0, the same energy argument shows that f = U is constant, so ker B, remains
one-dimensional. A nonconstant eigenvector lies in H if and only if a further common eigenvalue
A > 0 exists; Cauchy interlacing again produces the converse. O

Each condition o' f = 0 therefore corresponds to a resultant. The three families used below
are

doubling o = 2e; — e;, a'l=1,
opposite values o = e; + e;, all= 2,
arithmetic progression o = e; — 2e; + ey, a'l1=0.

Doubling and opposite values fall under (a) and use det(B, — AI); arithmetic progressions fall
under (b) and the factor A = 0 must be removed. All three resultants are rational in w.

Positive eigenfunctions satisfy f L 1. If | B| = 2, the unique positive eigenfunction is f = (¢, —c)
with ¢ # 0. Opposite values f(i) + f(j) = 0 is the orthogonality relation and is not an extra
condition; doubling forces ¢ = 0, a contradiction; two points cannot form a three-term progression.

If |B| = 3, write the values as x,y, z with  + y + z = 0. Opposite values x = —y forces z = 0,
contradicting Theorem P.1j(2). A three-term progression 2y = z + z together with z = —z — y
forces y = 0, again contradicting Theorem P.1|(2). Doubling need not fail. The vector (1,2, —3) is
orthogonal to 1, nowhere zero, injective, and satisfies 2 -1 = 2.

Lemma 4.7. Let T be a tree whose leaves all lie in B and |B| =n > 2. Let v = e, with u € B,
or v = p, with v € B, and set ¢ = STv. If § € RP is not parallel to 1, then for generic positive

weights BT ¢ # 0.

Proof. The cut-edge identities are (Q)f(@) Fix an edge e splitting T into T} U T5, and write
m=|BNTi|€{l,...,n =1}, 01 = Y g~y Bi- As w(e) — 0T with the remaining weights fixed,

Ce

w(e)

o(k) — (1) = +0(1), keTynB, leT,NB,
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where ¢, is a nonzero constant if v = ¢,. If v = p,,, Lemma @(b) places u on one side of the cut:
that side contributes the limit 0 or 1 according as w lies in T or Ty, and ¢e — —m/n or 1 — m/n,
both nonzero. Since ¢ L 1,

wc(z) . %(nal ~m17B) +0(1).

The coefficient vanishes if and only if the mean of 5 on Ty N B equals n~ 117 5.

If this holds for every cut, then 3 is constant. Otherwise let B, = {b € B : B(b) # n~'17 B},
nonempty. On the subtree spanned by B, take a leaf b, € B, and let e be the edge from b, toward
the rest of By, with T the side containing b,. Then T} N B consists of b, together with vertices at
which § already equals the global mean, so the mean on 77 N B equals the global mean if and only
if B(bs) does, a contradiction. For this cut the leading term diverges, hence 3¢ # 0. O

Bl =

Proof of Theorem @ Each condition is " f = 0 with o € C® not parallel to 1. Write ps(\, w) =
det(S(w)—AI)/A. If a1 # 0, Lemma §.6(a) gives that 0 is not an eigenvalue of By; set pa (A, w) =
det(Ba(w) — MI). If a'1 = 0, Lemma W.6(b) gives that 0 is always a common eigenvalue; set
Pa(A, w) = det(By(w) — AI)/A. The finite product

Discro(w) = HRGS(@VS( W), Pal ,w)) = Plw) )N

(det L[Bc]

vanishes if and only if some positive eigenfunction meets some such «. It is enough that P # 0,
and enough to produce a tree with all leaves in B at which P # 0.

Let Pc(n) assert the existence of a subtree with n boundary vertices and a positive weight for
which Theorems @ and @(1) hold and every positive eigenfunction avoids every a € CP “ ot
parallel to 1. For n = 2 one has f = (¢, —c) with ¢ # 0, so a' f = c¢(a1 — ag) = 0 if and only if
a 1.

Assume Pc(n), and attach a leaf b of equivalent weight 7 > 0 as in (@) Write 2 = (y',2)"
and o'z =BTy + vz with B € C?, v € C.

On a higher branch, y(7) — foq and z(7) — 0 with 2(7) # 0. Thus o'z — B foq. If B is
not parallel to 1, this is the inductive condition. If 3 = t1,,, orthogonality gives o'z = (y — t)z.
Since « is not parallel to 1,11, one has v # ¢, and z # 0.

On the branch 5\1, Lemma gives

a'z=c(ny—1"8) +re(n+1)8 ¢+ O(k?),

with ¢ = S;Fv. If ny # 17 B, the constant term is nonzero. If equality holds, then 3 is not parallel
to 1 (else a || 1), and Lemma @ gives BT ¢ # 0 after a perturbation of the old weights. For small
K, a'z #0.

Choosing 7 small enough yields Po(n + 1). O

4.2 A density lemma

The image of D, A is the content of Theorem . The following lemma records it for a single
eigenfunction.

Lemma 4.8. Let u be the harmonic extension of f € RE, and let ¢ be as in (@) Then
Im(h +— (DyA)(h) f) = span{ (u(a) — u(b)) (¢(a) — ¥ (b)) : {a,b} € E} C 1+

If G is connected and there exists a spanning tree T along whose every edge u is nonconstant, the
image equals 1.
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Proof. For every w > 0 one has S1 = 0. Differentiating along w + ¢h yields
17 ((DywA) () f) = 0.

Lemma @ identifies the image with the displayed span.
Let T be a spanning tree with u(a) # u(b) for all {a,b} € E(T). Then

{¢(a) —w(b) : {a,b} € E(T)} C Im(h +— (DwA)(h)f).
For z # y € B one has ¢(x) = e, and ¥(y) = e,. Along the unique T-path z = vy, ..., v, = v,

r—1

er — €y = Z(w(vz‘) — (vit1)).

1=0

If g € 1+, then

Z 9() Z(ex — ey) = ng,

ze€EB yeB
so {e; — e, : 7,y € B} spans 1+. O
Corollary 4.9. If G[B] is connected and f is injective on B, the spanning tree in Lemma B may

be taken in G[B]. In that case it is sufficient to vary weights of edges in G[B]|. In particular, once
Theorem @(1) holds, the identity remains valid for generic weights whenever G[B] is connected.

Proof. Let Tp be a spanning tree of G[B]. Then E(Tg) C E(G[B]), ¥(z) = e, for x € B, and
u|p = f. Injectivity of f gives

f(a) # f(b) for all {a,b} € E(Tp).
Lemma @ applied to Tg yields the claim. O
Definition 4.10. An edge {a,b} € E is flat for u € RV if u(a) = u(b).

The image of the first variation is spanned by adjacent differences. Edges outside GP are flat
for every w > 0.

Lemma 4.11. Let T be a tree whose boundary contains every leaf, and let h be the harmonic
extension of a Steklov eigenfunction f belonging to the eigenvalue \. If e = {«, 5} splits T into
Ty UT5 with o € Ty, then

w(e)(h(e) —h(B) =X > f(x).

zeT1NB
Proof. The Steklov equation is (Lh)|p = Af and (Lh)|ge = 0. Summing over 77,
> (Ih)(@) = wle)(he) —h(B) =X > f(x).
€Ty zeT1NB

O]

Theorem 4.12. Let T be a tree whose boundary B contains every leaf and |B| > 2. There exist
positive edge weights for which T satisfies Theorems @ and (1), and for which the harmonic
extension of every nonconstant Steklov eigenfunction is nonconstant along every edge of T
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Proof. Let P°(n) assert the existence of a subtree T with |B(™| = n and a positive weight such
that Theorems R.1|, (1) and hold and

H(a) # H(b) for every {a,b} € E(T(”))

and every nonconstant_harmonic extension H.
If n = 2, Lemma gives (@) with H(zg) = —H(xy,) = ¢ # 0, so H is strictly monotone on
the path.
Assume P’(n). Attach b € B\ B™ along P,;, contracted to (@) On Py,
H(zj) = (1= 0;)H(u) + 0;H(b),

so {xj_1,x;} is non-flat as soon as H(u) # H(b).
For 7 > 2, Theorem supplies H(T)]V(T(n)) — Hoq with Hog(a) # Hoa(b) on every old edge
and H,q # 0. Continuity preserves both for small 7. Moreover

H(7)(b) = xp(1) — 0, H(1)(u) = Hqa(u) # 0,

so the pendant edge is non-flat.
For A;, Lemma on the contracted tree gives

e is flat <= o.(f) = Z f(z)=0.

zeTiNB(+1)
The limit fo = ¢(—1,},n) " satisfies
—cm, bg¢ Ty, m=|T1NBM™|>1,
oe(fo) =
cln—m), beTy, m<n-—1

In either case o¢(fy) # 0. Continuity of o, excludes flat edges for small 7. Restoring P, by (@)
completes the induction. ]

Lemma 4.13. Let G be connected, |B| > 2, and w > 0.

(i) S(G,B,w) depends only on w|gsy. The harmonic extension on GB coincides with the
restriction of the extension on G.

(i) On each connected component of G — V(GP), the extension is constant, equal to its value at
the unique vertex of attachment.

(iii) GB is connected. Every vertex of G lies on a path with both endpoints in B. Every interior
vertex of GP has degree at least two in GP.

(iv) If G admits a spanning tree whose leaves all lie in B, then G® = G.

Proof. (ii) Let K be a connected component of G — V(G?), and let N be the set of neighbours
of K in V(GP). If [N| > 2, a path in K between two points of N, continued along B-B paths
through those points, would place a vertex of K on a simple path with both endpoints in B. Thus
|N| = 1. The Dirichlet problem on K has a single boundary value, so the maximum principle
forces a constant. (i) The edges of K appear in Lpe}, but the two terms at the attachment in the
harmonic equation cancel once the block is constant. Hence S and the restriction of h; to GPB are
independent of w|p g(gsy- (iil) A simple path in G between two vertices of B has both endpoints
in B, so lies in GP. Thus G is nonempty and connected. An interior vertex of degree one in G2
cannot lie on a simple B—B path: the unique incident edge cannot be traversed twice. (iv) That
spanning tree is a union of B-B paths, hence V C V(G?). dJ
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Theorem 4.14. Restricting to GB, for generic edge weights the harmonic extension u of every
nonconstant Steklov eigenfunction is nonconstant along every edge, and

Im(h +— (DyA)(h)f) = 1.

Proof. Assume |B| =n > 2 and replace G by GP. Let e = {a,b} be an edge. By Lemma (iii),
e lies on a path with both endpoints in B. Extending by paths to the remaining vertices of B
produces a tree T, with e € E(T.), V(T.) D B, and every leaf in B. Theorem @ gives a weight
on T, with H(a) # H(b) for every nonconstant extension. Let T be a spanning tree of G containing
T., and set

wr, ('), € € E(T.),
w® () =141, ¢ € E(Ty) \ B(T.), (4.8)

g, e ¢ E(Tp).
At ¢ = 0 the extra edges of Ty \ T. hang off T, and do not meet B, so S(Ty) = S(T.). Thus
S(w®)) = S(T.,wr,) and det L[Bc](w(o)) > 0. For small ¢ > 0, one has u(a) # u(b). Hence

de(w) = u(a) —u(b) # 0.

Finitely many edges: for generic w, every edge of GP is non-flat. A spanning tree of G® then
satisfies the hypothesis of Lemma }.§. Combined with Lemma B.7, each positive eigenvalue is then
strictly increasing in every edge weight of GB. O

4.3 Injectivity on the vertex set

On a tree with leaves in B,

He) -Hp = Y +Z0 o= T ).

wle
e€path(z,y) ( ) zeThNB

The weights of the preceding subsection give o.(f) # 0 on every edge, so H is nonconstant along
E(T). Injectivity on V is the same sum being nonzero for every pair x # y. The pendant attach-
ment (@) is unchanged. Along Ap,

fo= c(—lI, n)T

is constant on the old vertices, so o.(fy) # 0 while old values coincide. The expansion
H=—cl+4re(n+1)F+0(k?)

separates those values once F' is injective. If the attachment vertex u lies in B, then F' is the

harmonic extension of Ste,; if u € B, then F is obtained by adding Lgc]eu to the extension of
ST,

The tree induction of Lemma supplies injectivity on any tree with leaves in B. Edges
outside GP remain flat for every w > 0. The argument on G¥ itself is the proof of Theorem @%2)

below.
Lemma 4.15. Let T be a tree whose boundary contains every leaf and |B| =n > 2.

(a) If v = e, with u € B, then for generic positive weights the harmonic extension of ¢ = S*v is
injective on V.

(b) If uw € B, then for generic positive weights the harmonic extension of STp, is injective on
V.
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Proof. Let H be the harmonic extension of ¢ = STv. As in Lemma @, an edge e = {«, B} splitting
T into 17 LU T5 satisfies

w(e)(H(a) - H(/B)) = Ce = Z (vx - 77)7

zeT1NB
withm = |BNTi| € {l,...,n—1}. For x # v,

H(z)-H(y)= Y. iw(e,).

e/ eépath(z,y)

The difference is a rational function of the edge weights.

a) If v = ey, then ¢, = g,y — m/n is a nonzero constant independent of the weights. Fixing
{ueT1}
all but one weight on path(z,y) leaves a non identically vanishing rational function of the
remaining weight.

(b) If v = p,, take an edge e of path(x,y) with T} the side not containing u. Then ¢, = o0 —m/n,
where o is the value at u of the harmonic extension of 1gn7,. As w(e) — 0T one has o — 0,
hence ¢ -+ —m/n # 0. The remaining terms stay uniformly bounded, so

H(x) — = o(1
() = H) = 5 +00)
diverges and cannot vanish identically.
There are finitely many pairs x # y, so the exceptional set has measure zero. O

Lemma 4.16. Let T be a tree whose boundary contains every leaf and |B| =n > 2. Let u € B® and

¢ = Stp,. Define K € RV by K|g = ¢ and, on B, by adding L[%lc]eu to the harmonic extension

of ¢. For generic positive weights, K 1is injective on V.

Proof. Write H for the harmonic extension of ¢ and A = Lpe), and set K = H +v with v|p = 0 and
v|ge = A~ te,. Then (LH)|p = p, —n~'1 and (LH)|ge = 0, while (Lv)|gc = e, and (Lv)|p = —pu.
Hence

(LK)|p=-n"'1,  (LK)|pe = ey

Summing LK over one side T} of an edge e = {a, 8} yields
m
w(e)(K(a) - K(ﬁ)) = + Liuenys

with m = |T1 N B| € {1,...,n — 1}. The right-hand side is a nonzero constant. For x # y,

K@)~ Ky)= Y

N
e’epath(z,y) w(e )

Sending one weight to 07 makes a single term diverge while the others remain bounded, so K (z) —

K(y) # 0. O
Lemma 4.17. Let T be a tree whose boundary B contains every leaf and |B| > 2. There exist
positive edge weights for which T satisfies Theorems and 2.4(1) and the harmonic extension of

every nonconstant Steklov eigenfunction is injective on V.
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Proof. Let P™(n) assert the existence of a subtree T7(") with V(7)) N B = B™  |B™| = n, and
a positive weight such that Theorems @, ( ) and - hold and every nonconstant harmonic
extension is injective on V(T™).

If n =2, let T be a path in T with endpoints in B and with no intermediate boundary vertex.
Lemma gives (B.4) with h(z¢) = —h(x,;,) = ¢ # 0, so h is strictly monotone, hence injective,
on the path.

Assume P™i(n). Choose b € B\ B™ so that the unique path P, from b to 7" meets B only
at its endpoints (take an arbitrary by € B\ B and retain the last vertex of path(bg, 7)) still in
B\ BM). Set T+ = 7"  P,;. Lemma B.19 yields (B.4).

For ¢ > 2, Theorem B.§ supplies a branch z(7) with zp(0) equal to an old eigenfunction whose
harmonic extension Hgy is injective and nowhere zero on V(7). Writing H(7) for the extension
of z(7), one has H(0)[y (pm)) = Hola, s0

min }Hold(x) — Old(y)| > 0.
zF#yeV (T(M)

Continuity therefore yields 79 > 0 such that 0 < 7 < 7y implies that H(7) remains injective on
V(T™). Moreover H(7)(b) = 24(7) — 0 while H(7)(u) — Hgq(u) # 0, so H(7)(b) is distinct from
every old vertex for all sufficiently small 7.

For \p, first perturb w(") inside {Ps # 0, Py # 0, Pnj # 0} so that H is injective on V. TM) if
u € B™ (Lemma . , or so that K is injective if u € (B™)¢ (Lemma @) Lemma Q gives

y:—cl+/£c(n+1)¢—|—0(/£2), z = nc+ O(k?), ¢ = Sho.
If u € B™ the interior block is independent of 7 and
H‘VT(") —cl+re(n+1) Hy + O(K?).

If u € (B™)¢, the interior block is A+7ee” with e = e, and 7 = k+O(k?). The Sherman-Morrison
formula together with L1 = 0 yields

H‘V(T(")) = —cl+rc(n+1)K + O(x?).

In either case H = —cl + kc(n + 1) F + O(k?) on V(T'™), with F injective. Thus for z # y in
V(T™),

H(z) = H(y) = ke(n +1)(F(z) = F(y)) + O(x?),
while

z—H(z)=(n+1)c+ O(r).

Both differences are nonzero for small k.
On the restored path Py, : ©9 = u,...,x;r = b the interpolation (@) applies. The identity
h(u ) # h(b) makes h strictly monotone along P,;. Values off the path depend on P, only through

Zt qw(ze—1,2¢)”" = 1/7. Keeping this sum fixed, the finitely many ratios
h(u) h(v) — h(u)
0 = ————~ 0j = 37— Py,
T R TN ORI B
may be avoided in (0, 1). The induction terminates at n = |B]. O
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Proof of Theorem @(2) If |B| = 1, only constants occur. Nowhere vanishing is Theorem .
By Lemma it is enough to prove injectivity after replacing G by G, so henceforth G = GB
and |B| > 2.
Fix x #y € V. If z € B then h(z) = f(z); if z € B¢ then () gives h(z) = p] f. Thus

h(z) — h(y) = o' f, where

€x — €y7 z,y € B7

Q= pw_eyv 5U€BC7@/€Ba
Pz — Dy, T,YE€E Be.

As in (@) and (), « is rational in the edge weights, with denominator a power of det Lpe).
The three cases satisfy v 1. 1. Write

Nmy(w)

olw) = (det L[Bc})k

o in Lemma .2, a nonconstant eigenfunction satisfies a' f = 0 if and only if S and the compression
B, share a positive eigenvalue. The corresponding resultant is Qg (w)/(det L[BC])N . If there is a
nonempty open set of weights on which every nonconstant extension satisfies u(z) # u(y), then
Nzy # 0 and Qgy # 0.

Suppose first that some path P with both endpoints in B meets both x and y. Attach each
remaining b € B along a path meeting the current tree at a single vertex. The resulting tree T
satisfies V(T,) D B U {z,y} and has all leaves in B. Lemma supplies w, on T, such that
every nonconstant harmonic extension H is injective on V' (7%), hence H(z) # H(y). Let Tp be a
spanning tree of G containing T, and set

with Ny, a p@nomial vector. On {Ng, # 0}, the vector a is not parallel to 1. Replacing e; —e; by

wi(e), e€ E(Ty),
w®(e) = { 1, e € BE(Ty) \ E(T.),
g, e ¢ E(Ty).

At € = 0 the extra edges of Tp \ T, hang off T, and do not meet B, so S(Tp) = S(T%). Thus
S(w®)) = S(T,,w,) and det Lipe) (w®) > 0, whence u(z) # u(y) for small £ > 0.

If no such path exists, then z,y € B¢ Indeed, if y € B and P is a B—B path through x,
concatenating a path from y to P with the arc of P through z yields a B—B path through both.
Let P be a path through x with both endpoints in B. Delete V(P), write K for the component
containing y, and N for the vertices of P adjacent to K. Connectedness of G gives N # ().

If IN| =1, say N = {a}, and K meets B at some b, then a path from b through y to «, continued
along P to the endpoint on the side of x, is a B—B path through = and y, a contradiction. Thus
K N B = . Every path from y to B then meets «, so y lies on no simple B—B path, contradicting
G = GP. Hence |N| > 2.

Take distinct ay, 29 € N and a path in K through y from a7 to ag. Together with the arc of
P between a1 and «g this yields a cycle C. If that arc does not contain x, then

one endpoint of P — = — a3 — K (through y) — as — the other endpoint

is a B—B path through x and y, a contradiction. Thus z lies on the arc.
The same trunk construction produces a tree T with all leaves in B, V(T) D BU {z, a1, as},
and T, N K = (. Lemma gives H(o) # H(aw). Let Qy = (o1 =qo, .-, ¢r =Y, .-, qm = 2)
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be the arc of C' through y, and write G, = T, U Q. For 7 > 0, scale the weights on @, by 7 with
the ratios of the terms w™! fixed, so that

g — Yo w(ge—1, qr)

= &= € (0,1
Zt:1w(Qt71,Qt)71 1)

satisfies
(1= 0)H(ar) + 0H () # H(z).

At most one 0 is excluded per eigenfunction. The Schur complement on the interior of @), replaces
@y by an edge of weight O(7) between a; and ap, and
u(y) = (1 = O)u(on) + Ou(az).
As 7 — 0, one has S(G«,7) = S(T%,ws) and
u(y) = (1 — B)H(on) + 0H (a2) # H(x).

Assigning weight € to E'\ E(G.) and sending ¢ — 0 preserves u(x) # u(y) for small .
Thus N,y # 0 and Q4 # 0. The finite union, over pairs « # y, of the sets { N, = 0}U{Q4, = 0}

has measure zero. O

Remark 4.18. If G # GP, then h is constant on each hanging block for every w > 0, and injectivity
on V fails. Theorem @(2) gives injectivity on V(GP). If G admits a spanning tree with all leaves
in B, then GB = G. The converse fails on Cy with B a pair of opposite vertices, Figure [J: here
GPB = @, yet every spanning tree has a leaf outside B. A nonconstant eigenfunction is a multiple
of (1,—1) on B, and the two interior vertices are convex combinations of the endpoints; they are
distinct for generic weights. If B = V, then GP = G, and the statement includes the graph
Laplacian.

Figure 3: Open vertices lie in B, filled vertices in B¢. Every simple B—B path uses both interior
vertices, so GP = G. Every spanning tree has a leaf in B°.

Equal weights may lie in the exceptional set. On a Y-shaped tree with three equal arms, A\;
has multiplicity two and an eigenfunction may agree on two leaves. On Cy with B =V and equal
weights, the first positive eigenspace contains vectors that agree on opposite vertices. Both lie in
{Ps; =0} or in some {Q, = 0}. On a path, injectivity on V" holds for all w > 0.

4.4 Vertex Morse and Poincaré—Hopf

Closed stars in GP lie in V(GP?). Theorem @(2) therefore yields vertex Morse on GB.

Lemma 4.19 (Theorem 1, [R]). Let G = (V, E) be a finite simple graph and f a vertex Morse

function. Then
> ip(w) = x(G).
veV
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Proof. Order the vertices vy, ..., v, by increasing values of f. Closed-star injectivity forbids adja-
cent equal values, so the order among equal values is immaterial. Let GG; be the induced subgraph
on {vi,...,v;}, and Go = (. It is enough that

X(Gj) — x(Gj—1) = if(vj).

The neighbour set of v; in G; is Ik~ (v;). New cliques are {v;} and {v;} U0 for cliques o C 1k™ (v;),
hence

c(Gj) =c(Gj—1) + 1, 1(G)) = g1 (Gj—1) + e (I () (k> 1),

and

X(G)) = x(Gj1) =1+ (=D (I (v5)) = 1= x (k™ (v5)) = iz (v)).

k>1
O

Proof of Theorem [2.4. Theorem @ ) gives that u is injective on V(GP?). Every closed star of G
is contained in V(GB ) so u is vertex Morse on GP. Lemma, {4 m yields

> du(v) = x(GP).

Forman Morse fails generically, as recorded in Subsection Q, and is not used.

4.5 Nodal domains on the support graph
Lemma 4.20. Let w > 0 and |B| = n, and let Gg be as in Definition .

(i) As a combinatorial graph, Gg is independent of the choice of positive weights;
(7i) if G is connected then Gg is connected;

(ii) S1 =0, so Spx = — Zy;ﬁx Szy. Thus S is the Laplacian of Gg with edge weights —Sg,. The
diagonal is nonnegative, the off-diagonal is nonpositive, and ker S = span{1}. If n > 2 the
diagonal is strictly positive;

(iv) Steklov eigenpairs are eigenpairs of this weighted Laplacian. In particular, if B =V then
Gs=G and S=1L.

Proof. For xz # y € B, (@) gives

_Sxy = U)(J,‘,y) + Z w(xvz) (L[_Blc])ztw(tvy) Z 07

z,teB¢

with strict inequality if and only if {x,y} € E or there is a path from x to y with all intermediate
vertices in B¢. Both alternatives depend only on (G, B), which is (i).

If G is connected and x = vy, ...,vy = y is a path in G, each pair of successive visits to B is
an edge of Gg. Concatenating these edges yields a path in Gg, which is (ii).

Proposition gives S1 = 0, hence



If Sf =0, then
1 2
FT8f=5 Y. (=Su)(f@) - fy) =0,
Z,Y:Szy#0
so f is constant on every edge of Gg. Connectedness forces f constant, and ker S = span{1}. If
n > 2, every vertex of Gg is incident to an edge, so Sy, > 0. This is (iii). Assertion (iv) is Sf = Af;
if B=V then S =L and Gg = G. O

Lemma 4.21. The graph Gg is obtained from G[B] by adding, for each connected component C
of G[B€], a clique on the neighbour set N(C) C B. Thus G[B] is a spanning subgraph of Gg, and

Gg is complete <= Va #ye B, {z,y} € E(G[B]) orz,y € N(C) for some C.

Proof. By Lemma , {z,y} € E(Gg) if and only if {x,y} € E(G[B]) or there is a path from =z
to y with interior in B€. In the latter case the interior lies in a single component C' of G[B¢] and
x,y € N(C). Conversely, if x,y € N(C), a path from z into C and on to y has interior in B¢. [

Proof of Proposition @ Every edge of G[B] is an edge of Gg, so for every w > 0

{:c €B: f(x)> f(y) for all y ~qy4 :1:} C {a: € B: f(x) > f(y) for all y ~gp :c},

and likewise for local minima.
If Gg = K| and f is injective on B, a local maximum is a global maximum, and

T4 = argmax 1, T_ = arg mBi’nf

are unique. Injectivity holds for generic w by Theorem @(1) If G[B] is complete, Lemma
implies that Gg is complete, and the same pair {z,z_} is the set of extrema on both graphs. [

Theorem 4.22 (Theorem (3,3), [7]). Let H = (Vi, Ex) be a finite connected graph with positive
edge weights, and let L be its weighted Laplacian. Then O is the simple least eigenvalue of L, with
ker L = span{1}. If f : Vi — R belongs to the second-smallest eigenvalue, the induced subgraphs

H{z €Vy: f(z) >0} and H[{z € Vy: f(z) <0}]
are both connected.

Proposition 4.23. For generic weights, A1 is simple. A corresponding eigenfunction f has the
property that {x € B : f(x) > 0} and {x € B : f(x) < 0} induce connected subgraphs of Gg.
Moreover
(SH@) = D (=8u)(f(2) = F(¥) = M f(2),
Y:Szy7#0
so f >0 at a local mazimum and f < 0 at a local minimum. In particular, if Gg itself is a cycle
or a path and f is injective, then f has exactly two local extrema on Gg, one maximum and one

Proof. By Lemma , S is the weighted Laplacian of the connected graph Gg with weights
—Szy > 0. Thus 0 is the least eigenvalue and \; is the second-smallest. For generic weights A; is
simple, and Theorem yields that Gg[{f > 0}] and Gg[{f < 0}] are connected.

If z is a local maximum on Gg and f(z) # f(y) for all y ~g¢ @ (Theorem @(1)), then each
summand (—Sgy)(f(x) — f(y)) is positive, so A1 f(z) > 0 and f(z) > 0. Likewise f(z) < 0 at a

local minimum.
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Now suppose Gg is a cycle and f is injective. Then local maxima lie in {f > 0} and local minima
in {f < 0}, while {f > 0} is a connected arc. If that arc contained two local maxima x;,x;, the
path in the arc joining them would contain a local minimum p with f(p) > 0, contradicting f < 0
at a local minimum. Thus there is a unique local maximum and a unique local minimum. If Gg is
a path, the endpoints are local extrema and {f > 0} is a subpath; the same comparison excludes
two local maxima, so the extrema are precisely the two endpoints. O

Corollary 4.24. For generic weights, A1 is simple and the corresponding eigenfunction is nowhere
zero on B. Hence {f > 0} = {f > 0} and {f < 0} = {f < 0}, and both sets induce connected
subgraphs of Gg. Thus A1 has exactly two nodal domains on Gg.

By Proposition @,
{local extrema of f on Gg} C {local extrema of f on G[B]}.

The converse need not hold. If Gg = K|p| and f is injective, the left-hand side has cardinality two.
If Gg is a tree, every leaf is a local extremum, and Theorem R.¢(3) gives equality for A;. Thus A\
having exactly two local extrema on B is not generic for arbitrary (G, B). It holds when Gg is a
cycle, a path, or a complete graph.

Lemma :

Gs = G[B] <= N(C) is a clique in G[B] for every interior component C
(including |N(C)| < 1).

Example 4.1. A wheel with hub in B and rim B, as in Figure , has a single interior component C
with N(C) = B, hence Gg = K\p|. Every nonconstant eigenfunction has exactly two local extrema
on Gg, while G[B] is a cycle and may have additional peaks.
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(a) (b) ()

Figure 4: Open vertices lie in B, the filled hub in B¢. (a) The graph G. (b) The induced graph
G[B] is an 8-cycle. (c) The support graph Gg = Kg: dashed edges are the clique edges not already
in G[B].

Example 4.2. Let G[B] = Cs = (x0,...,z7) and add interior paths

To—pP1—p2—24, I2—q1—q2—Zg,

as in Figure B(a). Assign weight 5 to the edges {xaop, xop+1} and weight 1/5 to {xopi1, Topsa}
(indices modulo 8), and weight 3 to the interior-path edges. The weights have a 7/2 rotational
symmetry, so S has a repeated positive eigenvalue and the example is not generic. By the symmetry
one may take a first positive eigenfunction with

Slgn(f|B) = (+a + ==+t _)'
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The two positive arcs are joined by an edge of Gg, Figure B(c), so Gs[{f > 0}] is connected,
while G[B][{f > 0}] is not, Figure g{b} FEach interior vertex has degree two, hence takes a convex
combination of its path-neighbours, and u has two nodal domains on V. Both interior components
satisfy |IN(C)| =2, as in Theorem 2.7.

(a) (b) ()

Figure 5: Open vertices lie in B, filled vertices in B€. Signs are those of f on B. (a) The graph
G: thick cycle edges have weight 5, thin edges weight 1/5, interior-path edges weight 3. The
path xo—q1—q2—xg is drawn outside the cycle so that the two interior components do not cross;
combinatorially both are interior paths in B¢. (b) The induced graph G[B]: the two positive arcs
are disconnected. (c) The support graph Gg: dashed edges are the cliques on N(Cp) = {xo, 24}
and N(Cq) = {xg,xﬁ}.

Fiedler’s theorem applies only to the second-smallest eigenvalue. If Sf = Apf with & > 2,
neither Gg[{f > 0}] nor Gg[{f < 0}] need be connected. On a general graph the number of local
extrema is not a function of k; the cycle and the path are treated separately in Subsection @

4.6 Critical points on cycles and paths

Proof of the first assertion of Theorem @ Theorem @(1) gives injectivity on B. Closed stars of
G[B] and of Gg lie in B, so f is vertex Morse on both. Lemma @] on Gg yields

> if(v) = x(Gs).

veEB
]

Proposition 4.25. Suppose G[B] is a cycle and f is injective on B. Then f is vertex Morse on
G[B]. The cycle has at least two local extrema, and mazima and minima alternate.

Proof. Label the cycle xg,...,x,—1 with indices modulo n and n > 3. The closed star of z; is
{zi—1,xi,zit1} (or B if n = 3). Injectivity on B restricts to each closed star, so f is vertex Morse.
Let 24 (resp. x_) be a global maximum (resp. minimum). Injectivity gives x4 # z_ and

fleg) > fly) forally~zy,  flz-) < fly) forally~wz_.

Suppose two consecutive local extrema x;, x; are both maxima, with no extremum on the open
arc between them. Adjacent vertices cannot both be maxima, so the arc is a path

Z; = Ppo, P1s---,Pt = Ty, £227
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with f(p1) < f(po) and f(pe—1) < f(p¢). A minimiser ps of f on this path satisfies 1 < s < /¢ —1
and

f(ps) < f(ps—l)a f(ps) < f(ps+1)7

hence is a local minimum, a contradiction. Replacing f by —f excludes consecutive minima. [

Theorem 4.26. Suppose G[B] is a cycle and |B| > 3. For generic edge weights, every nonconstant
Steklov eigenfunction f is vertex Morse on G[B], and

(i) every local extremum is strict, maxima and minima alternate along the cycle, and the extremal
values are pairwise distinct;

(i) if |B| > 4, then 2f(z;) # f(zi—1) + f(xiy1) at every vertex of the cycle.
If G[B] is a path, the restriction is likewise vertex Morse, and both endpoints are local extrema.

Proof. Theorem @(1) and Proposition give vertex Morse, alternating extrema, and
#{local maxima} > 1, #{local minima} > 1.

Injectivity forces distinct extremal values, which is (i). If |B| > 4, the vertices x;_1, %, zi+1 are
pairwise distinct, and Theorem @(iii) is (ii).

If G[B] is a path, closed stars have two or three vertices, so injectivity yields vertex Morse, and
each endpoint is a local extremum. ]

Write ¢(f) for the number of edges of G on which f changes sign.

Lemma 4.27. Suppose Gg is a cycle or a path. For generic w, a nonconstant eigenfunction f is
injective and nowhere zero on B. Then every local mazximum satisfies f > 0, every local minimum
satisfies f < 0, and each nodal domain contains exactly one local extremum. Hence the number of
local extrema equals the number of nodal domains. On a cycle that number is even.

Proof. Theorems @ and @(1) give injectivity and nonvanishing. For A > 0,

M) = Y (=Su)(f) - f)).

y5szy7é0

At a local maximum the summands are nonnegative, and injectivity makes them positive, so f(x) >
0. Likewise f(z) < 0 at a local minimum.

A positive nodal domain is an arc (or a subpath). Two local maxima would force a local
minimum p on the path between them with f(p) > 0. Thus each positive domain has at most one
local maximum, and each negative domain at most one local minimum.

Let . maximise f on a positive domain D. Then z, is a local maximum on Gg. If x, is interior
to D, both Gg-neighbours lie in D and take strictly smaller values. If x, is an endpoint of D, the
neighbour in D is smaller, and either x, has degree one on the path Gg, or the unique neighbour
outside D has the opposite sign. Negative domains are the same. On a cycle, ¢(f) is even. O

Proof of Theorem @( 1). If Gg is a path, Lemma gives that S is tridiagonal in the path order,
with subdiagonal entries —S; ;11 > 0 for every w > 0. A symmetric irreducible tridiagonal matrix
has simple spectrum. Write 0 = p; < ps < --- < p, for the eigenvalues of S, so A\; = pjt1.
The discrete Sturm theorem for a Jacobi matrix with negative subdiagonal-—the Laplacian or
Steklov matrix of a path—asserts that an eigenfunction belonging to px has exactly k — 1 sign-
changing edges. (Oscillatory Jacobi matrices in Gantmacher—Krein [[13] have the opposite, positive,
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subdiagonal convention.) Thus ¢(f) = j for an eigenfunction of \;. Removing j edges from a path
yields j + 1 components, hence j + 1 nodal domains. Lemma @ gives j + 1 local extrema. Both
endpoints have degree one, hence are extrema. For j = 1 the two extrema are the endpoints, so f
is strictly monotone. ]

Proof of Theorem @(2) Number the eigenvalues of S as 0 = p; < pg < ---. Berkolaiko [11] gives
¢ > k—1 whenever py is simple and the eigenvector is nowhere zero. Colin de Verdiere [12] identifies
the nodal defect ¢ — (k — 1) with the number of negative eigenvalues of a magnetic perturbation,
whence ¢ < k— 1+ with g = |E| — |V|+ 1. Thus

k—1<p<k—1+8.

Here Gg is a cycle, so 8 = 1. For A\; one has k = j + 1, hence j < ¢ < j+ 1. On a cycle, ¢ is even
and ¢ > 2 for j > 1. If j is even the unique even integer in [j, 7 + 1] is j; if j is odd it is j + 1. Both
equal 2[j/2]. Lemma gives the same number of extrema, which therefore alternate along the
cycle. For 7 =1 the count is two. O

Proof of Theorem @(3) Theorems@ and @(1) give that A; is simple, and that f is nowhere
zero and injective on B. Corollary gives that Gg[{f > 0}] and Gs[{f < 0}] are connected.
Since Gg is a tree, the two complementary connected induced subgraphs are joined by a unique
edge ¢* = {a, 8}. Take f(a) > 0 > f(B), and write T} (resp. T-) for the component of Gg — e*
containing a_(resp. f3).

Lemma makes S the weighted Laplacian of Gg. For an edge e = {o’, '} of Gg, splitting
Gg into T} UTy with o/ € T}, summing Sf = A1 f over T} leaves only the crossing edge:

we(f(e) = f(B)) =X Y f&),  we:=—Sag >0.

xzeTy

Let z € T4 \ {a} and let p be the neighbour of = toward a. Taking 7} to be the component of
Gg — e containing z, where e = {p, z}, one has 71 C T, hence f > 0 on 7. The right-hand side is
positive, so f(z) > f(p). Along the unique path from « to any vertex of 7', the values therefore
increase. The same argument on 7_ yields that f decreases (becomes more negative) along every
path from 3 to a vertex of T_.

A leaf has degree one, hence is a local extremum. If v is not a leaf, then deg(v) > 2. If
v € Ty \ {a}, the parent has a strictly smaller value and some child has a strictly larger value. If
v = « and « is not a leaf, then o has a neighbour in 7'y with a larger value and is adjacent to 3
with f(5) < 0. Interior vertices of T_ are likewise not extrema. Thus the local extrema are exactly
the leaves, Figure f. O

Lemma 4.28. Let C be a connected component of G[B¢] with N(C) = {z,y}, and let w > 0. Let
@ be the unique function on C'U{x,y} that is harmonic on C with p(x) =1 and ¢(y) = 0. Then
0<@<1onC. Foreveryt e (0,1), the induced subgraph on {¢ > t} is connected and contains
x, and {p < t} is connected and contains y. If v € C and p(v) # t, there is a path from v to x or
to y along which ¢ is strictly monotone and remains on the same side of t.

Proof. The function ¢ is not constant. A nonconstant function harmonic on the interior of a

connected graph with positive weights attains its extrema only on {x,y}. Thus 0 < ¢ <1 on C.
Let U be a component of {¢ > t}, and let v, maximise ¢ on U. Then p(v,) > t, and ¢ < ¢(vy)

at every neighbour of v,. If v, € C, harmonicity forces equality at every neighbour. Neighbours
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Figure 6: A tree Gg and a first positive eigenfunction. The unique sign-changing edge e* is drawn
thicker. Values increase along T, away from e* and decrease along 7T_. Local extrema are the
leaves.

Figure 7: A two-pole. Open vertices lie in B, filled vertices in B¢, the dashed edge belongs to
Gg. Interior values are convex combinations of the poles. (a) Same sign: u keeps the sign on C.
(b) Opposite signs: a unique zero of u on the interior bridge, not attained at a vertex.

outside U have ¢ < t < ¢(vs), so v, has none. The equality set fills U and U has no leaving
edge, contradicting connectedness of C'U {z,y}. Hence v, = z, and {¢ > t} is connected. The set
{p<thisl—e.

If v € C and ¢(v) < 1, some neighbour has a strictly larger value: otherwise the mean value
forces a plateau, then constancy on C. Iterating yields a strictly increasing path to z. If p(v) > t,
the path stays in {¢ > t}. A decreasing path to y is the same. O

Proof of Theorem @ Theorems @ and @: for generic w, f is injective and nowhere zero on B,
and u vanishes at no vertex of V. Nodal domains of u are the components of G[{u > 0}] and
G[{u < 0}]; likewise for f on Gg.

Let C be an interior component. If [N(C)| = 1, then C lies outside G, Lemma , and u|c
is constant. No new nodal domain. If G is connected and B # (), then |N(C)| # 0.

Now let N(C) = {x,y}. Lemma : {z,y} € E(Gg). Lemma :on CU{z,y},

u=f(y)+ (f(x) = fy)y, 0<ep<lonC,

with () =1, ¢(y) = 0, Figure H

If f(z)f(y) > 0, then u lies strictly between f(x) and f(y), so u keeps the sign of the poles on
C'. The edge {z,y} is not sign-changing, so = and y already lie in the same nodal domain of f on
Gs.
If f(z) > 0> f(y), then u = 0 at the unique level

f)

wzt*:me(&l).
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Generically t, is not attained at a vertex. Lemma : {¢ > t.} is connected and contains z,
while {¢ < t.} is connected and contains y. The level {¢ = t.} is a cut of C (a single edge in
Figure [f](b); in general a cut-set) and realises the already counted sign-changing edge of G.
Edges of G[B] are edges of Gg. Hence the nodal domains of w on V' are in bijection with those
of f on Gg.
In particular, for A;, Corollary gives two nodal domains of f on Gg, hence two of uw on V
and on V(GP). O

The hypothesis |[N(C)| < 2 is used to realise each edge of Gg by a path meeting B only at its
endpoints. If some C' meets B in three or more vertices, a path in G realising an edge of Gg may
pass through a third pole, and the interpolation need not preserve sign. Wheels are of this type.
Stars with at least three leaves have |[N(C)| > 3; the first eigenvalue is computed in Theorem .

Corollary 4.29. Under the hypothesis of Theorem @, for generic w, the local extrema of an
eigenfunction belonging to Ay on GB are in bijection with the local extrema of f on Gg. If moreover
Gy is a tree, these extrema are exactly the leaves of Gg.

Proof. Harmonicity forbids a strict local extremum at any interior vertex. Theorem @(2) gives
injectivity on V(G?), so there are no plateaus. Local extrema of v on GZ therefore lie in B.
On a component with N(C) = {z, y},

u=f(y)+ (fx) = f(y)p omC, 0<p<Ll

Interior values lie strictly between f(z) and f(y). Neighbours of z in G are neighbours in G[B] C
Gy, or interior vertices of a two-pole. Thus z is a local maximum of v on GP if and only if
f(z) > f(y) for every Gg-neighbour y. Minima are the same. Theorem @(3) gives the last
sentence. O

Theorem 4.30. Let G be a star whose hub lies in B¢ and whose leaves are B = {1,...,n}, n > 2,
with spoke weights w; > 0. Write W =), w; and w = (w1, ..., wy) . Then

’LUZUT

W J
and the value at the hub is w' f/W. If the spoke weights are pairwise distinct, ordered w(yy <

w < Wy, then A1 € (W(l),W(g)), exactly one leaf has sign opposite to the hub, and the harmonic
extension has exactly two nodal domains on V', Figure |§.

S = diag(w) —

Proof. One has S1 = 0. For A > 0 and Sf = Af, set c:=w' f/W. The identity w;(f; —c) = \f;
rearranges to f; = cw;/(w; — \) whenever ¢ # 0 and A # w;. Orthogonality 1T f = 0 becomes

The left-hand side has a simple pole at each w;, is strictly positive on (0,w(1)), and has positive
derivative Y, w;/(w; — A)? on each interval between consecutive poles. The first positive root
therefore lies in (w(l),w(g)). Exactly one index then satisfies w; < A1, so that leaf is opposite in
sign to ¢, while the remaining leaves have the same sign as ¢. The hub equals ¢. Leaves of the
majority sign are joined through the hub and form one nodal domain; the unique opposite leaf
forms the other.

If ¢ = 0 and the w; are distinct, then w;f; = Af; for each i. If A equals no w;, then f = 0. If
A = wj, then f; =0 for ¢ # j, and le:fj =0, so again f = 0. O
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Figure 8: A star with hub in B¢. Open vertices are the leaves B. For distinct spoke weights,
exactly one leaf is opposite in sign to the hub; the remaining leaves join through the hub and form
one nodal domain.

Example 4.3. Let G be the cycle vy- - -v5 with B =V and consecutive edge weights 1,2, %, 3, %, %
A first positive eigenfunction is, to three decimals,

(—0.380, —0.314, —0.183, 0.568, 0.575, —0.266),

as in Figure @ The unique local mazimum is v4 and the unique local minimum is vg. There are
two sign changes, hence two nodal domains.

—0.380

—0.266 —0.314

0.575 —0.183

0.568

Figure 9: A first positive eigenfunction on the cycle of Example @
Example 4.4. Let G be the path vg—vi—vo—v3—v4 with B = V and consecutive edge weights
1,2, %, 3. Then S = L, and a first positive eigenfunction is, to three decimals,
(0.517, 0.346, 0.203, —0.502, —0.565),

as in Figure . The values are strictly decreasing. The only local extrema are the endpoints, and
there is a single sign change, between vy and vs.

O O O O O

0.517 0.346 0.203 —0.502 —0.565

Figure 10: A first positive eigenfunction on the path of Example Q
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